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Abstract— Several Heart Rate Variability (HRV) based novel
methodologies for describing heart rate dynamics have been
proposed in the literature with the aim of risk assess-
ment. One such methodology is ARFIMA-EGARCH modeling
which allows the quantification of long range dependence and
time-varying volatility with the aim of describing non-linear
and complex characteristics of HRV. This study applies the
ARFIMA-EGARCH modeling of HRV recordings from 30 pa-
tients of the Noltisalis database to investigate the discrimination
power of a set of features comprising currently used linear
HRV features (low and high frequency components) and new
measures obtained from the modeling such as, long memory in
the mean, and persistence and asymmetry in volatility. A subset
of the multidimensional HRV features is selected in a two-step
procedure using Principal Components Analysis (PCA). Ad-
ditionally, supervised classification by quadratic discriminant
analysis achieves 93.3% of discrimination accuracy between
the groups using the new feature set created by PCA.

I. INTRODUCTION

The characterization and classification of the dynamics of
a system has become an important problem, namely in car-
diovascular systems. The analysis of Heart Rate Variability
(HRV) has proved important to assess the integrity of the
cardiovascular regulatory system and several approaches and
methodologies to analyse HRV may be found in the litera-
ture. The most usual approach is based on linear AutoRegres-
sive (AR) spectral analysis of the tachogram which allows
the identification of several components of the autonomic
nervous system (sympathetic and parasympathetic) and the
respiratory activity [1], namely the Low and High Frequency
components (LF, HF). However, HRV data display non
stationarity and exhibit long memory and time-varying con-
ditional variance or volatility among other nonlinear charac-
teristics [2], [3]. Leite and co-authors [4] considered the joint
modeling of long memory and heteroscedastic characteristics
of HRV using fractionally integrated ARFIMA models with
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GARCH innovations (an extension of the usual AR model).
This methodology has been used to capture and remove long-
range correlation and estimate conditional volatility in HRV,
namely from 24 hour recordings [4] and neurocritical care
data [5], allowing to discriminate between health and disease
and to assess disease severity. A further empiric characteristic
of HRV volatility is asymmetry in response to shocks. Leite
and co-authors [6], [7] used exponential GARCH (ARFIMA-
EGARCH) models to capture these effects and found that the
parameters of the models are promising in differentiating
health and disease. The advantage of this methodology is
that it allows the computation of traditional and clinically
admissible HRV features as well as new measures such as
long memory in mean and persistence and asymmetry in
volatility.

In this work the ARFIMA-EGARCH approach to HRV
modeling is used to extract measures that best characterize
the underlying features of HRV: long memory in the mean,
LF, HF, short range and persistence in volatility and asym-
metry effect. Then, multivariate methods are applied to this
set of features to classify with the aim of predicting heart
rate variability patterns.

II. MATERIALS AND METHODS

A. Heart rate variability data

This study analyses HRV data from the Noltisalis database
[8] which was collected by the cooperative effort of uni-
versity departments and rehabilitation clinics in Italy. The
dataset consists of 24 hour HRV recordings of 30 subjects:
10 healthy subjects (N), 10 patients suffering from congestive
heart failure (C: 4 NYHA II, 1 NYHA I, 5 unvailable) and
10 heart transplanted patients (T). The starting time of the
Holter diary is available, indicating day and night periods.
The HRV series are analysed in three periods: 24 hours, 6
hours during day and 6 hours during night adequately chosen
for each individual.

B. Modeling and feature extraction

The model considered in this work is the
ARFIMA(p, d, 0)-EGARCH(1, 1) defined by the following
equations [9], [10]:

φ(B)(1−B)dxt = εt (1)

εt = σtzt, log σ
2
t = u∗+v1 log σ

2
t−1+u1 |zt−1|+ξ1zt−1 (2)

where u∗ = u0−
√
2/π u1, B is the backward-shift operator,

d ∈ R, (1 − B)d =
∞∑
k=0

(
d
k

)
(−1)kBk is the fractional



difference operator, φ(B) = 1− φ1B − ...− φpBp, p ∈ N0

and zt = εt/σt are i.i.d. zero mean and unit variance.
The ARFIMA(p, d, 0) model in (1) describes the condi-

tional mean with serially uncorrelated residuals εt. The long-
memory parameter, d, determines the long-term behaviour,
p and the coefficients in φ(B) model the short-range proper-
ties. For −0.5 < d < 0.5, the ARFIMA process is covariance
stationary and for 0.5 ≤ d < 1 is non-stationary and mean
reverting. Equation (2) describes the conditional variance of
the process, σ2

t , which varies over time as in time-varying AR
models. The εt are called shocks and zt are the standardised
shocks. This process does not require constraints on the
parameters for ensuring the positivity of the variance. The
parameters u1 and v1 characterize the volatility clustering
phenomena, the short-range properties and the persistence,
and the parameter ξ1 describes the asymmetric effect. The
impact of positive shocks is (ξ1+u1)zt−1, while for negative
shocks it is (ξ1 − u1)zt−1. If ξ1 = 0, log σ2

t responds
symmetrically to εt−1. The unconditional variance is

σ2
ε = var(εt) = exp

(
u0

1− v1

)
. (3)

The spectral density function of a stationary
ARFIMA(p, d, 0)-EGARCH(1, 1) process is given by

fω = f∗ω|1− e−iω|−2d, −π ≤ ω ≤ π, (4)

f∗ω =
σ2
ε

|φ(e−iω)|2
(5)

with σ2
ε defined by equation (3), and f∗ω the spectral density

of the AR(p)-EGARCH(1, 1) process. For 0.5 ≤ d < 1, the
process is still mean reverting and equation (4) corresponds
to a pseudo-spectral density.

To illustrate the use of ARFIMA(p, d, 0)-EGARCH(1,1)
model in HRV data, consider the tachogram of the healthy
subject N3 (segment of RR series with 900 beats) represented
in Fig. 1(a). The estimated value for d, d̂ = 0.46, indicates
that the record has long memory in the mean. The same
tachogram after removing the long memory component by
filtering (1 − B)dRR is displayed in Fig. 1(b). The corre-
sponding AR(p(AIC) = 7) spectrum, Fig 1(c), shows clearly
components associated with the Low (LF: 0.04 to 0.15 Hz)
and High (HF: 0.15 to 0.4 Hz) frequencies. Additionally,
automatic decomposition is applied to this spectrum, and the
LF and HF components are evaluated by the identification of
the central frequencies, by assigning each pole contribution
to the spectral band in which the pole is located [5]. It is
currently referred that HF is related to the parasympathetic
system, while the LF is associated also to the sympathetic
activity [1]. The EGARCH(1,1) model is fitted by maximum
likelihood (Econometrics Toolbox of Matlab [11]) leading
to the estimates: û1 = 0.19, v̂1 = 0.92 indicating some
persistence in variance and ξ̂1 = 0.29 indicating asymmetry
in volatility. The conditional standard deviation estimate σ̂t
represented in Fig. 1(d), captures very well the heteroscedas-
ticity in the data.

The characterization of long HRV records is achieved
by ARFIMA-EGARCH modeling combined with adaptive

Beats
0 200 400 600 800

S
e
c

0.5

1

1.5

(a) RR

Beats
0 200 400 600 800

-0.2

-0.1

0

0.1

0.2

(b) (1-B)d RR

Freq (Hz)

0 0.1 0.2 0.3 0.4

S
e
c

2
/H

z

0

0.005

0.01
(c) Spectrum of (1-B)d RR

Beats

0 200 400 600 800
0

0.05

0.1

0.15
(d) Cond. standard deviation

LF

HF

Fig. 1. Short-term HRV: tachogram subject N3 (900 beats) (a), after long
memory detrend d̂ = 0.46 (b), corresponding AR(p(AIC) = 7) spectrum
f∗ω (blue) with the LF (green) and HF (red) components (c), σ̂t (d).

segmentation [4], [6]: long records are decomposed into short
approximately stationary segments of variable length and the
break points are identified by Akaike Information Criterion.

For each subject, the above modeling procedure leads to
sequences of parameters estimated from each of the segments
(there are around 80 such short segments in 24h period).
Each individual is then characterized by the set of features
obtained as the corresponding mean values: d, LF, HF, u1,
v1 and ξ1, for the 24h, 6h of day and 6h of night periods.
It should be remarked that the database does not contain
information about eventual sleep pathologies or stages.

C. Multivariate analysis and classification

This section describes briefly the main methods used for
classifying HRV and discriminating between subjects.

Principal Component Analysis (PCA) is a multivariate
statistical procedure that uses an orthogonal transformation
to convert a multidimensional data set of possibly corre-
lated variables into a smaller set of uncorrelated variables
called principal components. The main purposes of PCA
are dimensionality reduction, enhanced feature selection and
visualization. Since in this work the variables are in different
units, the variables are weighted by the inverse variances. Ad-
ditionally, PCA centers the data and uses the singular value
decomposition algorithm. The data consisting of observations
of k (HRV) features on n subjects and represented in a n×k
matrix X, is transformed to the principal component space
by, Z = XA, where A is matrix containing the principal
components. The transformed data in Z are the principal
component scores. The convention is to order the columns
of A in descending order of the eigenvalues. To reduce the
data dimensionality only the largest eigenvalues are used.

In order to evaluate the feature set created by PCA,
supervised classification by quadratic discriminant analysis
is considered: the probability of observing a feature vector
conditionally to each group is estimated. Since the covariance
matrices vary between the groups, a quadratic classifier is
the most appropriate. The classifier built divides the feature
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Fig. 2. Box plots of HRV features for 3 groups of patients: healthy (N),
with congestive heart failure (C) and transplanted, for 24 hours, 6 hours of
day and 6 hours of night. Significant differences for Kruskal-Wallis rank
sum test, (∗) indicates p−value < 0.05.

space into regions based on the estimated probabilities.

III. RESULTS AND DISCUSSION

The set of features are summarised in Fig. 2. The results
indicate that the long memory parameter d increases for sick
subjects, during the three periods with the highest values
for the T group, in accordance with other long memory
assessment approaches, [12]. Additionally, LF, HF and ξ1
decrease for sick subjects, with lowest values for the T
group. Statistical differences among the three groups of
patients are found (using Kruskal-Wallis rank sum test at 5%
significance) for the 13 features indicated with (∗) in Fig. 2.
These results extend the results in [7]. The set of 13 features
over the 30 patients will constitute the multidimensional data
set, M13, studied in the remainder of this study. As usual
the first step is to study the pairwise correlations which
are represented in Fig. 3 (a). All features show positive
correlations between the 24 hours and the 6 hours of day. In
addition, positive correlations are observed between LF and
ξ1, in particular during the day period. Negative correlation
is identified between long memory d and asymmetry ξ1.

The results from the application of PCA to the 13 features
data set, M13, are represented in Figs. 3 and 4. The scree
plot of the percent of variability explained by each principal
components, Fig. 3(b), shows that the first six of the total
thirteen components explain 95% of the total variance.
Moreover, the first component accounts for 57.6% of the
total variance and the first three principal components explain
81.4% of the total variability of M13. This analysis indicates
that the first three principal components, corresponding to
the largest three eigenvalues, are enough to represent M13.
The corresponding eigenvectors are represented in Fig. 3(c).
The first principal component has negative coefficients for
d, during the three periods, and positive coefficients for the
remaining measures. This indicates that the first component
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Fig. 3. (a) Correlation matrix of 13 features data set, M13, (b) principal
components scree plot, (c) 3 most significant eigenvectors.

distinguishes between subjects characterised by high values
for the first set of measures (d24h, dDay and dNight) and
low for the remaining and subjects that show the opposite
characteristics.

Fig. 4 summarises the results from applying PCA with 3
principal components to data M13. The principal component
scores are displayed as points and the original features as
vectors with direction and magnitude indicating how each
feature contributes to the principal components. During the
three periods, the long vectors d are associated to the cluster
of observations that correspond to group T, LF and ξ1 point
through the cluster of group N and the vectors HFDay and
v1Nigth point through the cluster of group C. These remarks
indicate which features are most important to characterize
the different clusters.

Finally, quadratic discriminant analysis is applied to deter-
mine the ability of the principal components to distinguish
among the three groups of patients. In Fig. 5 the classification
boundaries obtained from the first two principal components
are represented. According to the associated confusion ma-
trix there are 4 misclassified subjects: two healthy subjects
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(N) are misclassified as subjects affected by congestive heart
failure (C) and two patients of the group C are misclassified
as healthy (N) and transplanted (T) patients. Thus, the first
two principal components have a 86.7% of discrimination
accuracy and a leave-one-out (LOO) cross-validation accu-
racy of 70%. Considering the first tree principal components
two patients of the group C are still incorrectly classified:
C1 (one of the youngest in group C and mild NYHA) is
misclassified as healthy and C9 (one of the oldest in the same
group) is misclassified as transplanted patient but all patients
in the N and T groups were classified correctly leading to
an improved discrimination accuracy of 93.3% (with a LOO
of 76.7%). The loss of accuracy in the leave-one-out cross-
validation exercise is due to the small sample size of this
database. These results are not comparable with benchmarks
since similar studies have not been performed in the literature
to the best of our knowledge.

IV. CONCLUSIONS

This study builds on previous work to illustrate the dis-
crimination power of a set of multidimensional HRV features
obtained from parametric non-linear ARFIMA-EGARCH
modeling. This modeling approach allows the design of
individualized filters and simultaneously extends the tradi-
tional AR modeling. Thus, new measures comprising long
memory, conditional volatility and asymmetry are added to
the traditional and clinically well established measures that
characterise HRV, LF and HF with a view to classification
and risk stratification.

This approach when applied to HRV recordings from
30 patients of the Noltisalis database, indicate that low
frequency and asymmetry features are associated with health
while the features high frequency during day and persistence
in volatility during the night appear linked to congestive
heart failure and long memory with the transplanted pa-
tients. Additionally, the supervised classification by quadratic
discriminant analysis used in this study, leads to a 93.3%
discrimination accuracy between the groups using the feature
set created by Principal Components Analysis.

The classification results are promising deserving further
studies in larger databases.

REFERENCES

[1] Task Force of the European Society of Cardiology and North American
Society of Pacing Electrophysiology, Heart rate variability: standards
of measurement, physiological interpretation and clinical use, Circu-
lation, vol. 93, pp. 1043-1065, 1996.

[2] R. T. Baillie, A. A. Cecen, and C. Erkal, Normal heartbeat series are
nonchaotic, nonlinear, and multifractal: New evidence from semipara-
metric and parametric tests, Chaos, vol. 19, pp. 028503, 2009.

[3] R. Sassi, S. Cerutti, F. Lombardi, M. Malik, H. Huikuri, C.-K., Peng,
G. Schmidt, and Y. Yamamoto, Advances in heart rate variability signal
analysis: joint position statement by the e-Cardiology ESC Working
Group and the European Heart Rhythm Association co-endorsed by
the Asian Pacific Heart Rhythm Society, Europace, vol. 17(9), pp.
13411353, 2015.

[4] A. Leite, A. P. Rocha, and M. E. Silva, Beyond long memory in
heart rate variability: an approach based on fractionally integrated
autoregressive moving average time series models with conditional
heteroscedasticity, Chaos, vol. 23, pp. 023103, 2013.

[5] R. Almeida, C. Dias, M. E. Silva, and A. P. Rocha, ARFIMA-GARCH
Modeling of HRV: Clinical Application in Acute Brain Injury. In
R. Barbieri, E. P. Scilingo, and G. Valenza (eds.) Complexity and
Nonlinearity in Cardiovascular Signals, Springer, pp. 451-468, 2017.

[6] A. Leite, M. E. Silva, and A. P. Rocha, Modeling volatility in
Heat Rate Variability, in Proceedings of IEEE-EMBS International
Conference, Orlando, FL USA, pp. 3582-3585, 2016.

[7] A. P. Rocha, A. Leite, and M. E. Silva, Volatility leveraging in heart
rate: health vs disease, in Computing in Cardiology, vol. 43, pp. 25-28,
2016.

[8] M. G. Signorini, R. Sassi, S. Cerutti, Working on the NOLTISALIS
Database: Measurement of nonlinear properties in heart rate variability
signals. In: Proceedings of IEEE-EMBS International Conference,
Istanbul, Turkey (IEEE, Piscataway), pp. 547-550, 2001.

[9] P. Boukhan, G. Oppenheim, and M. S. Taqqu, Theory and applications
of long-range dependence, Boston: Birkhäuser, 2003.
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