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Abstract— This paper addresses the problem of joint estima-
tion of the state and parameters for a deterministic continuous
time system, with discrete time observations, in which the
parameter vector is constant but its value is not known,
being a random variable with a known distribution. Along
time, the uncertainty in the parameter induces uncertainty in
the plant state. The joint probability density function (pdf)
satisfies the Liouville partial differential equation that is a limit
case of the Fokker-Planck equation for vanishing diffusion.
The continuous-discrete filter proposed operates as follows:
Between two consecutive output sampling time instants, the
pdf is propagated by solving the Liouville equation for an
augmented state and is then corrected by using the last
observation and Bayes law. An application to state estimation
of the neuromuscular blockade of patients subject to general
anesthesia, where parameter uncertainty is due to inter-patient
variability, is described.

I. INTRODUCTION

A. Motivation

Estimating the state of a system is a fundamental problem
of control engineering. In the presence of uncertainty, and
from a probabilistic point of view, propagating in time the
probability density function (pdf) of the state variable given
the observations of the system output provides complete
information about its solution. Indeed, if this pdf is known,
state estimates derived from criteria such as least mean
squares, maximum-likelihood or maximum a posteriori esti-
mates can be readily computed. In the case considered here
of a continuous-time system with discrete time observations
the uncertainty is often represented by a white noise input
signal. In this case, the a priori (i. e., given no observations)
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state pdf can be computed by the Fokker-Planck equation
(FPE), also known as the forward Kolmogorov equation [1].
Although at the expense of a heavy computational load,
for controlled systems the FPE can then be used to design
control laws that take into account the plant state uncertainty
[2].

A source of uncertainty other then input stochastic dis-
turbances is parameter uncertainty. For instance for patients
subject to anesthesia, both the pharmacokinetic and pharma-
codynamic responses to a drug bolus administered to induce
neuromuscular blockade present strong variations from pa-
tient to patient [3]. Even if there are no input stochastic
disturbances, if the model parameters are described by a
random variable, the plant state at a given time instant be-
comes a random variable. This type of problem is addressed
here by enlarging the plant state with the parameter vector.
Furthermore, in order to reduce the computational burden, a
limit case of the FPE in which the diffusion term vanishes is
considered. This equation is known as the Liouville equation
[4] after being named by Gibbs in relation to problems in
statistical mechanics [5] (page 9).

In the context of this paper, the Liouville equation prop-
agates in time the state pdf of a deterministic system whose
initial condition is a random variable with known pdf. When
coupled with observations made at discrete time instants
using Bayes law, a nonlinear continuous-discrete filter [1]
that jointly estimates plant states and parameters is obtained.

B. Literature review

For linear systems and under gaussian noise, continuous-
discrete filters can be readily obtained from the Kalman
filter expressions by discretizing system dynamics [6]. Since
even linear plants with the state augmented by the parameter
vector become nonlinear, one has to resort to nonlinear meth-
ods. Although the extended Kalman filter (EKF) provides an
extension to the nonlinear case [7], this method may provide
a poor approximation to the state pdf along time, that may
be needed in order to evaluate the uncertainty bounds. In this
respect, a better way is to propagate the state pdf using the
FPE and then use Bayes law to filter this predicted density
using the observations, a method already used in the early
references [8], [1].

Although several methods are available, including finite
differences, spectral methods and finite element methods, the
numerical solution of parabolic partial differential equations
such as the FPE is computationally heavy and requires the
satisfaction of some conditions for convergence. In relation
to continuous-discrete filters these issues lead to the consid-
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eration of algorithms whose convergence to the optimal filter
can be proved, while alleviating the computational load [9].

Recently, the subject of continuous-discrete filtering is
receiving significant attention. Research includes the use of
Feynman path integrals to approximate solutions to the FPE
[10], [11], [12], kernel density estimates again together with
path integrals [13], and fast approximations [14]. Specific
work on joint state and parameter estimation, in particular
exploiting the use of the Liouville equation for systems
without stochastic disturbances is not found in the literature.

C. Paper contributions and organization

The contributions of this paper consists of a continuous-
discrete filter for joint state and parameter estimation for
deterministic systems subject to parameter uncertainty, and
its application to the study of neuromuscular blockade of
patients subject to general anesthesia. Both simulation and
real clinical data based examples are presented.

The paper is organized as follows. After the introduction
(this section), in which the work to present is motivated, the
relevant literature is reviewed and the contributions are stated
in concise terms, the continuous-discrete filter is described
in section II, including the model, the Liouville equation
used to propagate the augmented state pdf and the bayesian
correction based on the observations. Section III presents a
simple but non-trivial example in which the main concepts
are illustrated. Section IV describes the application to state
estimation in neuromuscular blockade with interpatient vari-
ability. Finally, section V draws conclusions and discusses
future work.

II. CONTINUOUS-DISCRETE FILTER

A. State model

Consider a nonlinear system modeled by the state equation

dx

dt
= f(x, θ) (1)

with state x ∈ Rn, parameters θ ∈ Rnp , f : Rn×Rnp → Rn.
The initial condition x(t0) = x0 is, in general, a random

variable with pdf px(x(t0), t0). The parameter vector is
constant, being a random variable for which the only a priori
information about it is the pdf pθ(θ).

Depending on the value of θ, different trajectories of the
state x are obtained. At each time t, the state x = x(t, θ)
is therefore also a random variable characterized by a pdf
px(x, t), even if x(t0) is deterministic.

In order to compute px(x, t), consider the augmented state
z ∈ Rn+np given by

z(t) =

[
x(t)
θ

]
. (2)

The augmented state verifies the equation

dz

dt
= F (z) (3)

with
F (z) =

[
f(x)
0

]

and initial conditions that derive from (1) in a straightfor-
ward way. Computing p(z, t) provides not only the required
information on px(x, t) but also on pθ(θ, t).

B. Liouville equation

A partial differential equation for the pdf of the augmented
state p(z, t) can be obtained by considering a stochastic
differential equation corresponding to (1), writing the asso-
ciated Fokker-Planck equation and then making the input
noise power to vanish, eliminating the diffusion term [1].
This results in the Liouville equation

∂

∂t
p(z, t) +

n+np∑
i=1

∂

∂zi
(Fi(z)p(z, t)) = 0 (4)

or, in a more compact way,

∂p

∂t
+
∂p

∂z
F + tr

(
∂F

∂z

)
p = 0, (5)

where
∂p

∂z
=

[
∂p
∂z1

. . . ∂p
∂zn+np

]
is the gradient of p with respect to z and

∂F

∂z
=

[
∂Fi

∂zj

]
is the Jacobian matrix of F with respect to z at time t.

The solution of (4) (or (5)) is subject to the initial
condition p(z, t0) specified and to the boundary conditions
lim z → ±∞ = 0.

While the Fokker-Planck is a parabolic equation, the
Liouville equation is a hyperbolic equation. Moreover, the
Liouville equation can be solved exactly.

C. Solution of the Liouville equation

The following proposition is proved in the appendix:
Proposition 1
Consider the two following PDEs:

∂p1
∂t

+
∂p1
∂z

F = 0 (6)

and
∂p2
∂t

+ tr

(
∂F

∂z

)
p2 = 0. (7)

with initial conditions pi(z, t0), i = 1, 2, given.
A) Equation (6) has the solution

p1(z, t) = p1(z −
∫ t

t0

F (z(σ))dσ, t0). (8)

B) Equation (6) has the solution

p2(z, t) = p2(z, t0) exp

[
−
∫ t

t0

tr

(
∂F

∂z

)
dσ

]
. (9)

C) Denote the integral operators that map the initial
conditions of, respectively, (6) and (7), at time t0 to the
solution at time t by T i

t,t0 , i = 1, 2. These operators are
defined by (8) and (9). The solution of the Liouville equation
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(5) is obtained by the composition of the two solutions of
(6) and (7). In other words, the solution of (4) is given by

p(z, t) = T 2
t,t0T

1
t,t0p(z, t0). (10)

�

D. Observation model and filtering

Add now to (3) the observations model

y(t) = h(z(t)) + η(t), (11)

where y ∈ R is the observation, h : Rn+np → R and
{η} is a sequence of independent, identically distributed
gaussian random variables with zero mean and variance σ2

η.
Assumed that the observations are made at discrete time
instants t0, t1, . . . , tk and define the set of observations

Y tk = {y(t0), y(t1), . . . , y(tk)}. (12)

With an abuse of notation we consider pdf conditioned on
sets like Y tk where the conditioned should be on the σ-
algebras associated to these sets.

The continuous-discrete filtering problem consists in esti-
mating z(ti) from the observations of y up to time t. What-
ever the estimation criterion might be, the full information
required to compute the estimate is contained in the pdf of
z given the observations. This pdf is computed according to
the following steps:

Continuous-discrete filter
Let p(z(tk−1)|Y tk−1) (the ”filtered pdf”) be available from

the previous steps of the algorithm.
• Prediction step: Compute p(z(tk)|Y tk−1) (the ”pre-

dicted pdf”) by propagating from time tk−1 until tk the
pdf p(z(tk−1)|Y tk−1). For this sake solve the Liouville
equation (5) in the time interval that starts at tk−1 and
ends at tk, taking as initial condition p(z(tk−1)|Y tk−1).

• Filtering step: Compute the filtered pdf at time tk using

p(z(tk)|Y tk) = K(tk)p(y(tk)|z(tk))p(z(tk)|Y tk−1),
(13)

where K is a normalizing constant that depends on time.
�

The proof of (13) uses a well known argument based
on Bayes law and is done in the appendix for the sake of
completeness.

The pdf p(y(tk)|z(tk)) depends on the observations (sen-
sor) model. In the situation (11),

p(y(tk)|z(tk)) = Cηexp

{
− 1

2σ2
η

[y(tk)− h(z(tk))]
2

}
,

(14)
with Cη a normalizing constant.

E. Numerical implementation

In order to write a numerical algorithm that implements an
approximation of the continuous-discrete filter described in
sub-section II-D, define a uniform grid of sampling instants
tk by

tk+1 = tk +∆t (15)

for k = 0, 1, . . . , Nk and ∆t a constant, and a non-uniform
grid of state points zj(tk) by

zj(tk) = zj(tk − 1) + F (zj(tk))∆t, (16)

for j = 0, 1, . . . , Nx. With this definition of the state grid,
the grid points are always over the characteristic lines of (6),
greatly simplifying the prediction.

Filter numerical implementation
Let P (j, k) = p(zj , tk). Initialize this variable for k = 0

and recursively perform the following steps:

1) P̂ (j, k) = P (j, k − 1) exp
{
tr

(
∂f
∂x

)
∆t

}
2) P (j, k) =

= K1(tk) exp

{
− 1

2σ2
η

[y(tk)− h(zj(tk))]

}
P̂ (j, k)

�
It is remarked that, due to the special structure of F , with

the last np entries equal to zero,

tr

(
∂F

∂z

)
= tr

(
∂f

∂x

)
, (17)

thereby avoiding useless, but time consuming, multiplica-
tions by zero. Similar simplifications can be made in the
Liouville equation and its solution.

III. SYNTHETIC EXAMPLE

Consider a nonlinear system modeled by the state equation

dx

dt
= −kαx(t), (18)

with both state x ∈ R and parameter α ∈ R, and observations
model given by

y(t) = x(t) + η(t), (19)

with η(t) a gaussian white noise with standard deviation ση.
Assume for the initial condition x(0) = x0 a gaussian

distribution with mean µx0 and standard deviation σx0 ; for
the parameter α a lognormal distribution with parameters
(µα, σα) and k a known scale parameter. The initial pdf for
this system is given by (20)

p(x, θ, 0) =

=
1

2πσασx0θ
exp

{
− (logα− µα)

2

2σ2
α

− (x0 − µx0)
2

2σ2
x0

}
,

(20)

and the pdf time evolution resulting from the Liouville
equation is given by (21)

p̂(x, α, t) = p(x−
∫ t

t0

−kαx(t∗)dt∗, α, t0)exp {kα(t− t0)} .
(21)

Suppose k = 10, µx0 = 100, σx0 = 10, µα = −3.3, σα =
0.16, ση = 5 and a case to be filtered corresponding to α =
0.005 and x0 = 140. For this example, the time evolution
of the joint probability density based on the observed y(t)
is plotted in Fig. 1 for three different instants, t=3, 10 and
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20 t.u.. From this representation it is clear that even in this
case where extreme values of both variables, x0 and α, are
used the joint pdf is converging for the true set of values.
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Fig. 1. Synthetic example. The a posteriori parameter and state joint
density at different time instants.

The temporal evolution of the true value of the parameter
α (that is constant) and its estimate are plotted in the plane
[α, t] in Fig. 2, for t ∈ {3, 5, 7, 10, 13, 17, 29} t.u..
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Fig. 2. Synthetic example. Projection along the parameter axis of the a
posteriori parameter and state joint density at different time instants.

As a complementary visualization, Fig. 3 presents the
projection along the state axis of the a posteriori parameter
and state joint density at different time instants.

After an initial acquisition transient, the estimates track
tightly their true values. For time t ≈ 13 t.u. both the
estimated values, state and parameter, are equal to the true
value of the variable.

IV. APPLICATION TO ANESTHESIA
A. Neuromuscular blockade model

Consider now the neuromuscular blockade of patients
subject to general anesthesia induced by atracurium adminis-
tration. The dynamic system for the neuromuscular blockade
may be modeled by (22) and (23). The linear part of the
model, (22), relates the input of the system, i.e. the drug
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Fig. 3. Synthetic example. Projection along the state axis of the a posteriori
parameter and state joint density at different time instants.

infusion rate or atracurium dosage u(t) to the state variable
x3(t).

dx

dt
=

 −10α 0 0
4α −4α 0
0 α −α

x(t) +
 10α

0
0

u(t), (22)

where x(t) = [x1(t), x2(t), x3(t)] and α is an unknown
patient dependent parameter [17].

The observation model is given by the Hill equation

y(t) =
100

1 + (x3(t)/3.2425)γ
+ η(t), (23)

where y is the observation of the blockade level r, γ is
a patient dependent parameter [17] and η is assumed as a
gaussian noise with standard deviation ση = 3.

Due to clinical reasons, the initial conditions are x1(0) =
5000α and x2(0) = x3(0) = 0. Based on [18] the follow-
ing distributions are considered for α and γ : log(α) ∼
N(−3.287, 0.1582), log(γ) ∼ N(0.9812, 0.34582).

B. Simulated neuromuscular blockade example

To illustrate the method in the context of anesthesia,
observations of the neuromuscular blockade are simulated
from the above equations, (22) and (23), with α = 0.01,
γ = 6.5 and u(t) chosen to be an initial drug bolus.

The observed signal y(t) together with the simulated
”true” blockade level r(t) and the estimated signal are
represented in the first panel of Fig. 4. The time evolution
of the parameter estimates is represented in the middle, α,
and bottom, γ, panels of Fig. 4 where, for the sake of
completeness a confidence region of the form α̂ ± σα̂, and
γ̂ ± σγ̂ , respectively is added. For this system the initial
information conveyed by the response to the initial input
bolus is not enough to lead to the convergence of α̂ and
γ̂. However, convergence is attained after some time. The
estimates for α are quite stable and the estimates for γ,
although presenting some oscillation, are close to the true
value in the sense that the true value (in red) is almost always
inside the interval γ̂ ± σγ̂ (in green). It is remarked that the
values for the parameters α and γ used in this example may
be considered extreme values for their distributions.
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Fig. 4. Simulated neuromuscular blockade example.

C. Results with clinical data

When dealing with clinical data, the parameters are pa-
tient dependent and unknown and only the neuromuscular
blockade records y(t) are observed. Note that these records,
represented in Fig. 5 for 84 patients, present large inter-
individual variability. Fig. 5 further represents the mean of
r(t), µr(t) (in red), obtained from the solution of the Liou-
ville equation as well as the regions µr(t)±σr(t) (in green)
and µr(t) ± 3σr(t) (in yellow). From this representation it
is clear that the Liouville solutions reflect the intervariability
observed in these records.
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Fig. 5. 84 clinical data on blue, mean r(t) give by Liouville on red and
the mean added or subtracted by one (or three), standard deviation on green
(on yellow).

An example of the results from the application of the
continuous-discrete filter to a clinical record of the neuro-
muscular blockade is represented in Fig. 6. The observed
signal y(t) together with the filtered signal (by another
technique used in these cases) and the estimated signal are
represented in the first panel of Fig. 6. The time evolution
of the parameter estimates is represented in the middle, α,
and bottom, γ, panels of Fig. 6 where a confidence region
of the form α̂± σα̂, and γ̂ ± σγ̂ , respectively is added.
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Fig. 6. Results from the application of the filter to clinical data records
from neuromuscular blockade induced by atracurium.

V. CONCLUSIONS AND FUTURE WORK

A. Conclusions

A nonlinear continuous-discrete filter that takes into con-
sideration a probabilistic description of uncertainty in model
parameters is presented. The algorithm relies on the pro-
pagation of the a priori pdf of the state and its correction
using Bayes law to obtain the filtered pdf of states and pa-
rameters given the observations in discrete time. Considering
that the diffusion terms in the plant model are assumed
to vanish, and that the parameters are constant, allows to
propagate the pdfs using Liouville equation, instead of the
Fokker-Planck equation, implying a significant reduction in
the computational load. The filter was applied to study the
evolution of the neuromuscular-blockade of patients subject
to general anesthesia. Results related to actual clinical data
are presented in order to evaluate the variability of the real
data with the one predicted by the Liouville equation.

B. Future Work

A natural extension is the consideration of uncertain time-
varying parameters. One possibility to model time varying
parameters is to assume a model by a stochastic differential
equation corresponding to (3), with the parameter equations
driven by white noise (with an abuse of language), creating
a so called diffusion term. In this case, the pdf of the
augmented state verifies a Fokker-Planck equation, instead of
a Liouville equation. Although, in general, the FPE cannot
be solved in closed form, it is possible to use semigroup
techniques to extend (10) in order to obtain a first order
approximation, valid for t − t0 small. This is the so called
Trotter’s formula [15], [16]. Other possibilities consist, of
course, in the use of other methods for sampling the FPE
in relation to continuous-discrete filters, such as the ones
described in [12], [13], [14], and together with the augmented
state.

Another continuation of the work is the development
of optimal controllers, extending [2] to consider parameter
uncertainty, and in applications to receding horizon optimiza-
tion.
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APPENDIX

A1 – Proof of proposition 1
The solution of the Liouville equation (5) is performed by

Laplace’s method [19]. For that sake let

ψ(z, t) = z −
∫ t

t0

F (z)dσ. (24)

The function ψ(z, t) verifies the PDE (6). Introduce now the
new set of coordinates (ξ, τ) defined by

ξ = g1(z, t)
△
= ψ(z, t), (25)

τ = g2(z, t)
△
= t. (26)

By the chain rule for derivatives,

∂p

∂z
=
∂p

∂ξ
· ∂g1
∂z

+
∂p

∂τ
· ∂g2
∂z

, (27)

∂p

∂t
=
∂p

∂ξ
· ∂g1
∂t

+
∂p

∂τ
· ∂g2
∂t

. (28)

From the definition of g1 and g2 given by (25, 26), these
expressions reduce to

∂p

∂z
=
∂p

∂ξ
· ∂ψ
∂z

, (29)

∂p

∂t
=
∂p

∂ξ
· ∂ψ
∂t

+
∂p

∂τ
. (30)

Therefore, in the new coordinates, regrouping terms and
observing that ψ verifies (6), the Liouville equation is written
in the form

∂p

∂τ
= −tr

(
∂F

∂z

)
p, (31)

where z is to be expressed in terms of ξ and τ by solving
(25) with respect to z.

Solving the equation of separable variables (31) and in-
verting the change of variables (25, 26) yields the solution
of the Liouville equation

p(z, t) = p

(
z −

∫ t

t0

F (z)dσ, t0

)
exp

{
−
∫ t

t0

∂F (z)

∂z
dσ

}
.

(32)
This expression is recognized as the composition of the
solutions of (6) and (7).

A2 – Proof of (13)
Using known basic relationships from conditioned pdf, it

follows that

p(z(tk)|Y tk) =
p(z(tk), Y

tk)

p(Y tk)
=

=
p(y(tk)|z(tk), Y tk−1)p(z(tk), Y

tk−1)

p(Y tk)

and hence
p(z(tk)|Y tk) =

= p(y(tk)|z(tk), Y tk−1)p(z(tk)|Y tk−1)
p(Y tk−1)

p(Y tk)
. (33)

Since z is a Markov process it follows that

p(y(tk)|z(tk), Y tk−1) = p(y(tk)|z(tk)). (34)

Furthermore,

p(Y tk−1)

p(Y tk)
=

1

p(y(tk)|Y tk−1
= K(tk) (35)

is a normalizing constant that does not depend on z(tk).
Inserting (34) and (35) in (33) yields (13).
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