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Abstract. In this paper we consider unit root tests under general time series mod-
els, including long-memory processes. The first test is a modified version of the ADF
(Augmented Dickey-Fuller) sieve bootstrap test given in Chang and Park (2003)
to test unit root process. The test is based on an approximation of the ARFIMA
(fractionally differenced autoregressive moving average) model, where the fractional
parameter is estimated by semi-parametric approaches.The second test under study
is a rank based Dickey-Fuller test (RDF). The empirical power of the tests are
investigated through Monte Carlo simulations under general time series models,
including long-memory processes. The slight modification of the unit root sieve
bootstrap test proposed here gives, in general, higher power than the ADF test.
The rank based DF test for a unit root when the data generation process is a long
memory process presents, in general, higher power than the usual ADF and sieve
bootstrap unit root tests.
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1 Introduction

The order of integration of a time series is a crucial determinant of the prop-
erties exhibited by the series. Recently, the theory and practice of unit root
tests have produced many works in the literature of economics and related
areas. One of the most popular unit root tests is the Augmented Dickey-
Fuller test, given by Said and Dickey (1984). However, in the last decade
a considerable number of published works has been calling attention to the
low power of this test in finite sample sizes. In this context, two issues have
received special attention. The first is concerned with the low power of unit
root tests under the presence of MA errors and, also, the near unit root case
and is, now, well documented, see for example Maddala and Kim (1998) and
references therein. The second is concerned with the effect of the use of the
standard unit root tests when the underlying process presents long memory
behaviour.

A common assumption in time series analysis is that observations sepa-
rated by a long-time span are independent or nearly so. Thus the most widely
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applied models for stationary time series have spectral densities which are
bounded at the frequency ω = 0 and autocorrelation functions decaying ex-
ponentially to zero. However in many time series, particularly those arising
in economics and hydrology, the dependence between distant observations,
though small, is not negligible. These series are called long memory: they
exhibit cycles and changes of level of all orders of magnitude, suggesting
non-stationarity and their spectral densities increase indefinitely as the fre-
quency decreases to zero, see Beran (1994) and references cited there. The
ARFIMA(p, d, q) ( fractionally differenced ARMA) model has been used to
model time series with long-memory behaviour. The parameter d, usually
called fractional parameter, describes the memory of the process and has
been recently considered to test for unit root, Santander et al (2003) and
references therein.

Bootstrap approaches to estimation and testing of general classes of time
series have been the focus of many works recently, see for example Franco
and Reisen (2004), Chang and Park (2003) and references therein. One special
bootstrap technique that has recently received attention is the sieve bootstrap
Buhlmann (1997). This bootstrap technique is based on the approximation of
the data generation process by a sequence of autoregressive processes of order
p which depends on the sample size n. This sieve bootstrap enjoys a nonpara-
metric property, being model free within a class of linear process. The use of
the sieve bootstrap for testing unit root process has been considered in Bis-
aglia and Procidano (2002) and Chang and Park (2003). This last reference
gives an overview of the recent developments on the bootstrap methodol-
ogy applied to time series analysis. We follow the effort made by these two
works to propose a modified version of the unit root sieve bootstrap test.
The modification is based on the AR representation of the fractional long-
memory process. Our Monte Carlo empirical investigation indicates that the
proposed methodology to test unit root processes against a general class of
time series models presents, in general, higher power than the usual ADF
and sieve bootstrap unit root tests.

Recently, non-parametric procedures and in particular rank tests have
been object of increased interest in time series analyis, due to their distribu-
tion free, exact, easy to compute and robust behaviour. Granger and Hallman
(1991), among others proposed a rank Dickey-Fuller test, where the ranks of
the data are used instead of the data themselves and whose asymptotic prop-
erties were derived by Fotopoulos and Ahn (2003), when the alternative is a
stationary AR(1) process. Here we investigate the use of the rank DF (RDF)
test when the data generation process is an fractionally integrated, ARFIMA
process. Our empirical Monte Carlo investigation indicates that the rank
based DF test to test unit root processes against a general class of time se-
ries models presents, in general, higher power than the usual ADF and sieve
bootstrap unit root tests. In the following section, we define the fractionally
integrated long-memory model, estimation methods, the unit root, the sieve
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bootstrap and the rank unit root tests. In section 3 an empirical comparison
of the tests is presented. Section 4 concludes the paper.

2 Fractional model and the unit root tests

Let {Xt}t∈Z be a discrete zero-mean time series satisfying the equation

Xt = αXt−1 + Ut (1)

where {Ut}t∈Z is a time series generated by

Ut =

∞
∑

k=0

ψkǫt−k (2)

and {ǫt} is a sequence of independent and identically distributed random
variables with zero-mean and constant variance σ2

ǫ . Here, the process {Ut}
satisfies a general fractionally integrated ARMA(ARFIMA) (I(δ)) represen-
tation as follows:

φp(B)Ut = (1 −B)−δθq(B)ǫt, (3)

where B is the backshift operator, φp (B) and θq (B) are polynomials of order
p and q, respectively, and all of their roots are outside the unit circle. δ ∈ R is
the long memory parameter and (1 −B)

−δ
is defined as a binomial expansion.

When |δ| < 1
2 , Ut is a stationary and invertible process.

The test of the uni t root null hypothesis α = 1 will be considered for
model (1) against fractional alternatives. Under this null hypothesis, model
(1) becomes a I(d) process, with d = 1 + δ.

The ADF tests and the estimation methods are given in the sequence of
this section.
The fractional estimation methods

The parameter δ of Ut may be estimated by semiparametric methods. One
of the most popular methods was proposed by Geweke and Porter-Hudak
(1983) (GPH) and it takes advantage of the form of the spectral density
function of the ARFIMA process, f(w), given by:

f(w) =
σ2

ε

2π

θq(e
−iw)|2

φp(e−iw)|2

(

2 sin
(w

2

))−2δ

, w ∈ [−π, π].

Let {ut}, t = 1, ..., n a set of observations of Ut and I(w) denote the peri-

odogram at frequency w, I(w) = n−1|
∑n

t=1 ute
iwt|

2
. The GPH method uses

ln I(w) as an estimate of the ln(f(w)) to build a regression equation where the
linear parameter to be estimated by OLS is −δ. The number of observations
in the regression equation is a function of n, that is, g(n) = nτ , 0 < τ < 1.
Hurvich et al (1998) proved that, under some regularity conditions on the
choice of the bandwidth, the GPH-estimator is consistent for the memory
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parameter and asymptotically normal for Gaussian time series process. They
also established that the optimal bandwidth is the order o(n4/5). Phillips
(2007) shows the consistency and derives the asymptotic distribution of the
GPH-estimator for unit root process. Modified versions of GPH estimator
have been proposed in the literature. In particular Reisen (1994) proposed
the use of the smoothed periodogram which is a consistent estimator for the
spectral density function. The smoothing function is based on the Parzen
lag-window where the truncation point is m = nβ , 0 < β < 1 and in the re-
sulting regression equation, function g(n) is chosen as above. This estimation
method is, hereafter, denoted by Sp.
The ADF tests

To test the unit root hypothesis of model (1), i.e., H0 : α = 1 (δ = 0), the
ADF test is based on the regression equation

Xt −Xt−1 = (α− 1)Xt−1 +

ν
∑

k=1

αk△Xt−k + ǫν,t. (4)

As previously noted, under the null hypothesis of α = 1, △Xt = Ut. The
ADF statistic test is given by

ADF =
α̂− 1

s(α̂)
(5)

where α̂ is the OLS estimate of α and s(α̂) is the estimated standard error
for α̂. See for example, Said and Dickey (1984) or Chang and Park (2003) for
more details. The ADF test requires a number of lags to be considered in the
regression equation (4). There are many works that report studies related to
this. Here, the number of lags was set equal to n0.25, Diebold and Nerlove
(1990).
ADF-Sieve test

To obtain the ADF-Sieve test, the bootstrap samples are generated from
the fitted residuals of the AR representation of equation (4). The choice of the
order ν is based on the AIC criterion. Here, we fixed ν(max) = 10log10(n).
The estimates for the AR coefficients are obtained from the Yule-Walker
equations. Since the sieve bootstrap procedure is well described in Buhlmann
(1997) and Chang and Park (2003), to save space we do not give the full
details of this method here.
ADF-Sievegph and ADF-SieveSp tests

The stationary and invertible ARFIMA process has infinite MA represen-
tation as given in equation (2) where, as k −→ ∞, ψk ∼ C∗kδ−1 for some
constant C∗ which depends on the parameters of the process (see Hosking,
1981). Then,

∑

∞

k=0 k
rψk < ∞ for r = −[v + δ] , for any v > 0 and [·] de-

notes integer part. Hence, for the model above the assumptions A1 and A2
given in Buhlmann (1997) are satisfied. These assumptions are equivalent
to assumptions (1) and (2) in Chang and Park (2003). Our sieve bootstrap
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ADF test follows the same procedure as the ADF-Sieve. However, in the
equation (4) the AR(ν) representation is replaced by a truncated binomial

expression of (1 −B)
δ
, where the parameter δ is estimated by GPH and Sp

methods. Hence, the resulting ADF-Sieve tests are called ADF-Sievegph and
ADF-SieveSp for GPH and Sp methods, respectively. In the simulation in-
vestigation discussed in the next section, we set the truncation point of the
binomial expression at the value when the coefficient is smaller than 10−5.
We have also considered the truncation point at the sample size value, but
the results did not change significantly.

The simulation results presented in the next section are very encourag-
ing to consider the slight modification of the ADF-Sieve unit root test here
proposed as a alternative method to test unit root hypothesis.
The Rank DF (RDF) test

Let Rn,t denote the rank of Xt among X1, X2, . . . , Xn. To test the null
hypothesis of unit root, H0 : α = 1, α̂ and s(α̂) in the test statistic defined
in (5) are replaced by their rank counterparts, α̂(r) and s(α̂(r)), given by

α̂(r) − 1 =

∑n
t=2Rn,t−1△Rn,t
∑n

t=2R
2
n,t−1

(6)

and

s(α̂(r)) =
S(r)

(
∑n

t=2R
2
n,t−1)

1/2
(7)

where

S(r)2 =
1

n− 2

n
∑

t=2

(Rn,t − α̂(r)Rn,t−1)
2

yielding the following test statistic

RDF =
α̂(r) − 1

s(α̂(r))
=
α̂(r) − 1

S(r)
(

n
∑

t=2

R2
n,t−1)

1/2 (8)

This is the same test statistic as that proposed by Granger and Hallman
(1991), however the authors dealt with ARMA(p,q) processes in the alterna-
tive of H0 : α = 1. Fotopoulos and Ahn (2003) proved weak convergence of
RDF and obtained critical values by Monte Carlo simulations. In this work
we consider RDF for unit root tests and obtain empirical size and powers
when the underlying model is an ARFIMA(0,d,0), 0 ≤ d ≤ 1.

3 Monte Carlo Simulation study

We simulated realizations of n = 100 observations from the ARFIMA(0, d, 1),
model, Xt = (1−B)−d(1−θB)ǫt, t = 1, ..., n, for different parameter values of
d and θ and tested the null hypothesis of unit root process ( H0 : d = 1). The
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processes were simulated recursively, Hosking(1981) and setting ǫt a Gaussian
white noise process with zero-mean and unit variance. To avoid any effect re-
lated to the initialization of the recursions, the initial 600 observations were
discarded. The computations were carried out using the FORTRAN program.
To obtain the fractional estimates to be used in the ADF-Sievegph and ADF-
SieveSp tests, the bandwidth in the regression equation was g(n) = n0.8. In
the Sp method, the Parzen window was set equal to n0.9 ( see Reisen (1994)
for details). The reported results are based on 3000 replications using 3000
bootstrap repetitions. As previously described, in the ADF-Sieve we use the
AIC criterion to select the order of the approximated AR representation of
(4). The 5% critical points for the ADF are given in the Tables 1 and 2 (
see Hamilton, 1991). The 5% critical point for the RDF was obtained by
Monte Carlo simulation. In our practical experiment, to generate the boot-
strap samples we followed all suggestions addressed in Chang (2003), pages
390-391.

The empirical rejection rates of the ADF, sieve ADF and RDF tests when
the data generation process (DGP) is an ARFIMA(0, d, 0) are given in Table
1. Table 2 presents the empirical rejection rates for the ADF and sieve ADF
tests when de DGP is an ARFIMA(0, d, 1) with θ1 = −0.4.

Tests Pc d
1.0 0.9 0.8 0.7 0.5 0.3

ADF -1.95 0.046 0.053 0.083 0.152 0.542 0.957

ADF-Sieve - 0.061 0.065 0.106 0.191 0.611 0.974

ADF-Sievegph - 0.062 0.074 0.107 0.198 0.604 0.969

ADF-SieveSp - 0.059 0.070 0.101 0.193 0.616 0.973

RDF -1.75 0.048 0.073 0.184 0.375 0.898 0.994

Table 1. Rejection rates (power). True model ARFIMA(0, d, 0).

Tests Pc d
1.0 0.9 0.7 0.5 0.3

ADF -1.95 0.047 0.050 0.151 0.555 0.971

ADF-Sieve - 0.056 0.057 0.175 0.585 0.964

ADF-Sievegph - 0.068 0.066 0.175 0.567 0.955

ADF-SieveSp - 0.062 0.063 0.163 0.572 0.961

RDF -1.75 0.046 0.062 0.379 0.937 1.0

Table 2. Rejection rates (power). True model ARFIMA(0, d, 1), θ = −0.4.
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The sieve bootstrap procedures seem to improve the ADF test (Table 1).
The empirical size of all tests are very close to the nominal value. In general,
all sieve tests give superior power compared to the usual ADF test, although
the proposed sieve tests using the AR representation of the ARFIMA process
seem to be superior( higher power) than the others. The overall conclusions
about the empirical power results do not change when the MA coefficient is
included in the model (Table 2). Regarding the DF rank based test, RDF, in
this limited study we obtained a size which is comparable to the size of the
ADF test and a slightly higher power for large values of d. These results are
promising and need further investigation.

4 Conclusions

This paper proposes the use of the sieve bootstrap to test unit root processes
against fractional alternatives. An alternative ADF-Sieve test is also given
which is based on the AR representation of the ARFIMA(0, d, 0) model. To
estimate the fractional parameter, two semi-parametric estimation methods
are considered. The sieve bootstrap unit root tests here proposed give, in gen-
eral, higher power to reject the null hypothesis of unit root process when the
underling process is not a unit root. The research related to this topic is still
under-way by the authors for different sample sizes and models. It is well-
known the effect of bandwidth parameter estimate in the semi-parametric
methods. Here, this was fixed although different values will be also consid-
ered in our future research related to the ADF-Sieve test. Also, the use of
parametric estimation methods may be considered in this context. Moreover,
the performance of a rank based Dickey-Fuller test is investigated when we
are testing unit root against long-memory. This study indicates the need for
further investigation into the use of this statistic.
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