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Abstract

Long-term heart rate variability (HRV) series can be
described by time-variant autoregressive modelling. HRV
recordings show dependence between distant observa-
tions that is not negligible, suggesting the existence of
long-range correlations. In this work, selective adaptive
segmentation combined with fractionally integrated auto-
regressive moving-average models is used to capture
long memory in HRV recordings. This approach leads to
an improved description of the low- and high-frequency
components in HRV spectral analysis. Moreover, it is
found that in the 24-h recording of a case report, the
long-memory parameter presents a circadian variation,
with different regimes for day and night periods.
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Introduction

Cardiovascular variables such as heart rate, arterial blood
pressure and the shape of the QRS complexes in the
electrocardiogram are almost ‘periodic’, showing some
variability on a beat-to-beat basis. This variability reflects
the interaction between perturbations to the cardiovas-
cular variables and the corresponding response of car-
diovascular regulatory systems. Therefore, both time and
frequency analysis of such variability can provide a quan-
titative and non-invasive method to assess the integrity
of the cardiovascular system. The discrete series of suc-
cessive RR intervals (the tachogram) is the simplest sig-
nal that can be used to characterise heart rate variability
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(HRV) and has been applied in various clinical situations
w1, 10x.

Ambulatory long-term HRV series typically correspond
to 100 000 beats in a 24-h recording and exhibit non-
stationary characteristics. These long-term HRV series
can be described by time-variant autoregressive (AR)
modelling. The AR models are called short-memory mod-
els, since their autocorrelations (ACFs) decay to zero
exponentially, meaning that observations far apart are
not correlated. However, the sample autocorrelations
(SACFs) of HRV series show a different type of behaviour:
the decay is very slow, indicating that the dependence
between distant observations is not negligible. This is
illustrated in Figure 1 by a tachogram for a normal sub-
ject, its SACF and the ACF of the fitted AR model. Cor-
relations exhibiting this type of behaviour are called
long-range correlations and the processes are denoted
as long-memory or persistent processes w4x.

This long-memory property is revealed in the frequency
domain by a spectral density function that follows a pow-
er law (1/f) in the very low frequencies and has been the
subject of several studies using detrended fluctuation
analysis and coarse graining spectral analysis (w7x and
references therein).

An alternative approach to long-memory description in
HRV data is to use fractionally integrated autoregressive
moving average (ARFIMA) models, which are an exten-
sion of the well-known autoregressive moving average
(ARMA) models. ARFIMA models allow description of
both the short- and long-term correlation structure and
have been used in numerous application areas.

In this work, selective adaptive segmentation com-
bined with ARFIMA models is used in the description of
long-term HRV recordings.

Materials and methods

ARFIMA modelling of HRV

A stationary process is said to have long-rangeµX ∂ gt t Z

dependence if there exists a real number andag x0,1w
a constant cr)0 such that
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where is the ACF. Alternatively, a sta-
cov X ,XŽ .qt t k

r k sŽ .
var XŽ .t

tionary process is said to have long-rangeµX ∂ gt t Z

dependence if there exists a real number andbg x0,1w
a constant cf)0 such that
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where f(Ø) is the spectral density function.
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Figure 1 (A) Tachogram of a normal subject. (B) SACF and ACF of the fitted AR model, AR(8) with order indicated by AIC criterion.

Figure 2 (A) Tachogram of a normal subject during a sleeping period. (B) Spectrum using AR modelling. Spectrum using (C) ARFIMA
modelling and (D) the corresponding fSM spectrum.
Panel (D) also shows the HF component resulting from the automatic decomposition of fSM. The frequency axis is normalised by the
mean RR.

A class of processes with this property are the ARFIMA
processes. These processes were introduced by Hosking
w5x and have special interest for applications because of
their capability of modelling both short- and long-term
behaviour of a time series.

A stochastic process is ARFIMA(p,d,q),µX ∂ p,qggt t Z

and , if it satisfies the equationN jµ0∂ dgR

df B = Xsu B ´ ,Ž . Ž .t t

where is Gaussian white noise WN(0,s2),µ´ ∂ f z sŽ .gt t Z

and are polynomials such that
p q

i j1-8fz u z s1-8uzŽ .i j
s si 1 j 1

and for , B is the backward-shiftZ Zf z /0 u z /0 z F1Ž . Ž .
operator, , is the fractional difference operatordBXsX =t t-1

defined by

` G j-dŽ .
dd j= s 1-B s1q B ,Ž . 8G jq1 G -dŽ . Ž .sj 1

and G(Ø) is the gamma function. The parameter d deter-
mines the long-term behaviour, whereas p, q and the cor-

responding parameters in f(B) and u(B) allow the
modelling of short-range properties. For -0.5-d-0.5,
ARFIMA(p,d,q) is stationary and invertible. Moreover, for
0-d-0.5, the process has long memory and for ds0
ARFIMA(p,0,q) reduces to the usual short-memory
ARMA(p,q) model. In this work, we consider ARFI-
MA(p,d,0) models, since they are a natural extension of
the classic AR(p) models. The spectral density function
of is then given by:µX ∂t

-2d-ivZ Zf v sf v 1-e , -pFvFp (1)Ž . Ž .SM

where is the spectral density of the
2s

f v sŽ .SM 2-ivZ Z2p f eŽ .
corresponding short memory, ARFIMA(p,0,0) wAR(p)x
process.

Given a HRV series, , estimation of the para-X ,«,X1 n

meters of the ARFIMA(p,d,0) models is as follows w3, 4x:
estimate d using the semi-parametric local Whittle esti-
mator (LWE) and estimate the AR parameters in the fil-
tered data . Robinson w8x and Velasco w11xdUs= Xt t

proved that the LWE is consistent for -0.5-d-1. The AR
parameters are estimated from the Yule-Walker equa-
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Table 1 Parameter estimates for AR(p) and ARFIMA(p,d,0) models of the tachogram in Figure 2A.

d̂ p f̂1 f̂2 f̂3 f̂4 f̂5 f̂6 f̂7 f̂8 f̂9 f̂10 f̂11
2ŝ

AR 11 -0.80 -0.22 -0.07 0.29 0.01 -0.07 0.06 -0.02 -0.06 -0.07 0.08 0.01
ARFIMA 0.30 4 -0.51 -0.25 -0.13 0.24 0.01

Figure 3 Tachogram of a normal subject.
Holter recording (24 h), with localisation of the break points obtained using ARFIMA modelling combined with selective adaptive
segmentation. The arrows indicate the sleeping and waking times.

Figure 4 (A) Tachogram of Figure 3 and (B) evolution over 24 h

of .d̂
The dotted lines indicate the sleeping (22:20 h) and waking
(08:45 h) times.

tions and the Levinson algorithm, with the order p deter-
mined by the Akaike information criterion (AIC) w3x.

To illustrate the use of ARFIMA compared to AR mod-
els in HRV, the tachogram represented in Figure 2A was
modelled using both methods. The results are summa-
rised in Table 1. Note that the estimated value for d,

indicates that the record has long memory.d̂s0.30
Moreover, in ARFIMA(4,0.30,0), all the parameters are
statistically significant, whereas in AR(11) there are only

four statistically significant parameters, namely , ,ˆ ˆf f1 2

and . The corresponding spectra, represented inˆ ˆf f4 11

Figure 2B,C, contain similar global information. However,
the spectrum obtained after removing the long-range
correlations, fSM, shows more clearly the components

associated with the low (LF, 0.04 to 0.15 Hz) and high
(HF, 0.15 to 0.4 Hz) frequencies (Figure 2D). Furthermore,
the usual automatic decomposition may be applied to
the fSM spectrum, which is an AR spectrum, as illustrated
in Figure 2D for the HF component.

These results indicate that ARFIMA models are ade-
quate in HRV, allowing more parsimonious modelling and
a better description of the spectral components. Similar
results were obtained in other recordings.

ARFIMA modelling of long-term data

Long-term HRV series can be described by AR modelling
combined with adaptive segmentation w6x: the long rec-
ord is decomposed into short records of variable length
Li and the break points, which mark the end of consec-
utive shorts records, are determined using the AIC cri-
terion for AR models.

In view of the long-memory properties of the data, the
adaptive segmentation here is based on ARFIMA mod-
elling. The break points are obtained using the AIC cri-
terion for ARFIMA(p,d,0) models w2x:

2ˆAIC p snlogs q2 pq2 .Ž . Ž .

Specifically, let N be the minimum allowable segment
length and Li initialised with N samples, LiGN. Each seg-
ment Si starts at the last break point determined and has
length LiqN. A new break point is selected when
DaicsAIC0-AIC1G0, where AIC0 is the value of the AIC in
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Figure 5 Three-dimensional spectra (pseudo-spectra where appropriate) of the long-term HRV series in Figure 3: (A) f(Ø) and (B)
fSM(Ø) for the selected AIC model orders in (C). (D) Evolution over time of the HF and HFc parameters determined automatically from
fSM(Ø).
Spectra were obtained with interpolation and resampling of the individual spectra to ensure correct matching of the frequency axis.
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segment Si and AIC1 is the sum of AIC in the first Li sam-
ples with AIC in the last N samples of the segment Si.
The values of the AIC are obtained considering a fixed
value for p.

In this methodology, when a break point is identified,
N samples are necessary to start the search for the next
break point. Therefore, no break points are identified in
segments of length N. This limitation may be overcome
by selecting the most significant break points (maximum
Daic) from a set of candidates in the next N samples.

This segmentation is referred to as selective adaptive
segmentation. The short records thus obtained are sub-
sequently modelled using ARFIMA models. The selective
segmentation leads to segments of increased length and
consequently to a better estimation of the memory
parameter, d.

Results and discussion

The methodology presented above is illustrated in a case
report. The data are an experimental 24-h Holter record-
ing of a 19-year-old normal subject, obtained with a Mor-
tara H-Scribe 12-lead ECG monitor (Mortara Instrument
Inc., Milwaukee, WI, USA). The sleeping and waking
times were registered by the subject in the Holter diary.
Figure 3 shows the break points thus obtained (marked
with dotted vertical lines) with Ns512 and ps12 (a value
reported in the literature w9x). ARFIMA modelling com-
bined with selective adaptive segmentation leads to ade-
quate localisation of rhythm differences and transient
periods, as the sleeping and waking times, marked with
arrows.

As illustrated in Figure 4B, evolves over time, pre-d̂
senting a circadian variation. Most of the values esti-
mated during the night (sleeping period) range from 0 to
0.5, whereas during the day (waking period) they range
from 0.5 to 1. Hence, during the day the majority the HRV
recordings are non-stationary and Equation (1) is then
said to be a pseudo-spectral density w11x.

Figure 5A represents the three-dimensional parametric
spectra (pseudo-spectra where appropriate), , of thef(.)
long-term HRV series and Figure 5B represents the cor-
responding parametric fSM(Ø), computed from AR models
with orders selected by AIC and represented in Figure
5C. During the night, a significant HF component is
observed, corresponding to dominance of the parasym-
pathetic nervous system activity and to the regularity of
respiratory activity. However, these features are empha-
sised in fSM(Ø) spectra (Figure 5B). Furthermore, the use
of fSM(Ø) allows the application of current approaches to
the analysis of HRV. Specifically, Figure 5D represents the
evolution over time of the HF component and its typical

central frequency, HFc, determined automatically from
the parametric modelling. Similar results were obtained
from the analysis of other Holter recordings of normal
subjects.

Conclusion

HRV recordings are long-memory or persistent process-
es, i.e., they show spectra that follow a power law in the
very low frequencies, hindering the analysis of LF and HF
frequencies. ARFIMA models are used to capture and
remove long memory in HRV recordings, leading to an
improved description of low- and high-frequency com-
ponents in the spectra. ARFIMA modelling combined
with selective adaptive segmentation of 24-h HRV data
shows that the memory parameter has a circadian vari-
ation with two regimes: sleeping and waking periods. The
ARFIMA approach described in this work allows the use
of current techniques in the analysis of HRV.
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