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Abstract

This work develops Generalized Empirical Likelihood (GEL) tests and estimators for matrix rank
and reduced rank matrices. The approach taken adapts that of the seminal work of Newey and
Smith (2004), by first setting the problems of matrix rank testing and estimation of reduced rank
matrices in the framework of Generalized Method of Moments (GMM). The resulting GMM and
GEL tests and estimators are studied in theory, through simulations and in several examples. The
key technical, theoretical difficulty is to deal with nonuniqueness when searching for nonsingular
principal submatrix. When this matrix is found through Gaussian Elimination with Complete
Pivoting (GECP), our approach deals with the so-called issue of ties in permutation matrices of
GECP.
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1 Introduction

This work was motivated by developing empirical likelihood tests for the rank of a matrix. Estimation
of the matrix rank is an important and well studied problem in Econometrics and Statistics. Several
matrix rank tests are presently available, and are used in the context of cointegration, demand systems,
linear regression, and others. See, for example, Gill and Lewbel (1992), Cragg and Donald (1996, 1997),
Robin and Smith (2000), Kleibergen and Paap (2006), or a recent review paper by Camba-Méndez
and Kapetanios (2008).
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Empirical likelihood techniques, on the other hand, are useful to improve small sample properties
of estimators and statistical tests. See, for example, Owen (2001) with emphasis on Statistics, a
review paper by Kitamura (2006) with emphasis on Econometrics, and references therein. The work
of Newey and Smith (2004) in the area is particularly notable, and develops Generalized Empirical
Likelihood (GEL) estimators and tests in the setting of Generalized Method of Moments (GMM) of
Hansen (1982). See also Imbens (2002), Donald, Imbens and Newey (2003).

To develop GEL tests for the rank of a matrix, we first set the problems of matrix rank testing
and estimation of reduced rank matrices in the GMM framework. Though this GMM formulation
is implicit in various forms found in the literature, it has not been explicitly stated and used in the
general form given below. In particular, our approach covers both linear and nonlinear models. Some
of the available rank tests (such as that of Cragg and Donald (1997)) can be viewed as GMM tests
but only for linear models.

An important technical difficulty in the resulting GMM interpretation is that it involves unknown
permutations of a matrix (in order to have nonsingular principal submatrix), and these matrices are
not unique. It is then necessary to make sure that ties do not affect resulting tests in the asymptotic
sense. When these matrices arise from Gaussian Elimination with Complete Pivoting (GECP), our
approach addresses the so-called issue of ties in GECP. Another contribution when compared to earlier
works on rank tests is that the focus now is also on reduced-rank matrix estimators, not only on matrix
rank tests. This problem arises naturally in the GMM and GEL frameworks.

Interpreting rank tests and reduced rank matrix estimation through GMM leads naturally to the
same problems considered using GEL. Ignoring technical details (the issue of nonuniqueness referred
to above), this can be viewed as a particular case of the general setting considered by Newey and
Smith (2004). Thus, related results are essentially special cases of those derived by the above authors
and others. The case of matrix rank estimation however is of special interest. One of our goals is to
see how well GEL performs in this context.

The rest of the paper is organized as follows. The GMM formulation and several examples are
considered in Sections 2 and 3. The resulting GMM estimation and testing are discussed in Section
4. Section 5 concerns GEL. Computational and other issues when using GEL for matrix ranks can be
found in Section 6. Small sample study is reported in Section 7. All technical proofs are moved to
Appendix A. Appendix B contains some formulae necessary for GEL implementation.

2 GMM formulation

Let zi, i = 1, . . . , n, be i.i.d. observations of a data vector z ∈ Rd. Let also

ᾱ = (α̃ α) (2.1)

be a p× q̄ = p×(q̃+q) matrix of parameters (with p× q̃ matrix α̃ and p×q matrix α), and g(z, vec(ᾱ))
be an m × 1 vector of functions. Suppose the model of interest has a true matrix ᾱ0 = (α̃0 α0) of
parameters satisfying the moment conditions

Eg(z, vec(ᾱ0)) = 0 with rk{α0} = r0 ≤ min{p, q}, (2.2)

where rk{B} denotes the rank of a matrix B. The rank restriction in (2.2) assumes that not all
parameters of the matrix ᾱ are free. One way to deal with this is to suppose that

ᾱ0 = P0

(
α̃∗0,1 α∗0,11 α∗0,12

α̃∗0,2 α∗0,21 α∗0,22

)
diag(Iq̃, Q

′
0), (2.3)
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where α∗0,11 is r0×r0, det(α∗0,11) 6= 0, P0, Q0 are two, p×p and q×q permutation matrices, respectively,
and

α∗0,22 = α∗0,21α
∗−1
0,11α

∗
0,12. (2.4)

By convention, q̃ = 0 in (2.1) will correspond to ᾱ = α.
The permutation matrices in (2.3) are typically not unique. Denoting the collection of m × m

permutation matrices by Πm, we set

P0 = {(P0, Q0) ∈ Πp ×Πq satisfying (2.3)} (2.5)

and similarly P = {(P, Q) ∈ Πp ×Πq}. We introduce next the set of parameters. For r ≥ 1, let

ᾱ∗f = (α̃∗1, α̃
∗
2, α

∗
11, α

∗
21, α

∗
12) (2.6)

and

ᾱ∗ =
(

α̃∗1 α∗11 α∗12

α̃∗2 α∗21 α∗21α
∗−1
11 α∗12

)
=: f(ᾱ∗f ), (2.7)

where α∗11 is r × r and det(α∗11) 6= 0 (the subscript f in (2.6) refers to free parameters), and

A∗r = {ᾱ∗f as in (2.6)}. (2.8)

For (P,Q) ∈ P, set

fP,Q(ᾱ∗f ) = Pᾱ∗diag(Iq̃, Q
′) (2.9)

and define the set of parameters as

Ar =
⋃

(P,Q)∈P
fP,Q(A∗r) =:

⋃

(P,Q)∈P
Ar,P,Q. (2.10)

Standard compactness assumptions on the set of parameters will be made below. The set Ar can be
thought as

Ar = {ᾱ : rk{α} = r}. (2.11)

We shall assume that, based on the data z1, . . . , zn, and working under the true rank, there are
permutations (P̂ , Q̂) satisfying

(P̂ , Q̂) ∈ P0 a.s., for large enough n. (2.12)

A common choice of such permutations is obtained from Gaussian elimination with complete pivoting
(GECP, in short) of a matrix (see for example, Golub and Van Loan (1983)). It should be noted in
this regard that the assumption (2.12) allows for possibility of the so-called ties in GECP. A simple
example of a 2× 2 matrix α0 of rank 1 with ties is

(
α0,11 α0,12

α0,21 α0,22

)
=

(
1 0
1 0

)
. (2.13)

Choosing α0,11 as a pivot in GECP correspond to identity permutations P0 = Q0 = I2. Choosing
α0,21(= α0,11) as a pivot corresponds to permutation matrices Q0 = I2 and

P0 =
(

0 1
1 0

)
.
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For example, with nonrandom matrix estimator
(

1 0
1 + (−1)n

n 0

)
(2.14)

of (2.13), the permutation matrix P̂ is one of the two matrices P0 = I2 or P0 = (0 1; 1 0), indicated
above. In this particular example and in general, it does not even make sense to assume that P̂ , Q̂
from GECP converge weakly. In this study, we shall work under the assumption (2.12). Our test and
asymptotic results are not affected by P0 and hence by the issue of ties in GECP. The results similar
in nature within the GECP framework are obtained in Cragg and Donald (1996), though the main
issue is quite different as seen from the proofs and statements of the results.

For later use, for integer r ≥ 1, we set

gi(ᾱ) = g(zi, vec(ᾱ)), ᾱ ∈ Ar, i = 1, . . . , n, (2.15)

and

g∗i (ᾱ
∗
f ) = g(zi, K̂vec(ᾱ∗)), ᾱ∗f ∈ A∗r, i = 1, . . . , n, (2.16)

where

K̂ = (̂diag(Iq̃, Q̂))⊗ P̂ (2.17)

and we used the notation (2.6)-(2.10).

3 Several examples

We consider here several examples of models that can be considered within the framework of Section
2.

Example 3.1 (Linear regression model.) Consider a multivariate linear regression model

yi = αxi + εi, i = 1, . . . , n, (3.1)

where (xi, εi) ∈ Rq×Rp are i.i.d. vectors, yi ∈ Rp, α is an unknown p×q matrix and Eεi = 0, Eεiε
′
i = Σ

is nonsingular. The data vector is z′i = (y′i, x
′
i). In this example, we suppose q̃ = 0 in (2.1) and write

ᾱ = α below. The moment conditions (2.2) are given by the functions

g(z, vec(α)) = g(y, x, vec(α)) = vec((y − αx)x′) = vec(yx′)− (xx′ ⊗ Ip)vec(α). (3.2)

Example 3.2 (Simultaneous equations models.) As in Cragg and Donald (1993), consider a linear
structural equation

y1,i = βy2,i + γ1x1,i + γ2x2,i + εi, i = 1, . . . , n, (3.3)

where y1,i is 1× 1, y2,i is (p− 1)× 1, x1,i is q1× 1, x2,i is q2× 1, and β, γ1, γ2 are unknown parameters.
Suppose, for simplicity, that (y1,i, y2,i, x1,i, x2,i) are i.i.d. vectors. Suppose also that there is a linear
reduced form

yi = Πxi + ηi, i = 1, . . . , n, (3.4)
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where y′i = (y′1,i, y
′
2,i) and x′i = (x′1,i, x

′
2,i). Partition the matrix Π as

Π =
(

Π11 Π12

Π21 Π22

)
, (3.5)

where Π11 is 1× q1, Π12 is 1× q2, Π21 is (p− 1)× q1, Π22 is (p− 1)× q2. It is supposed that

γ2 = 0. (3.6)

Under (3.6), and a standard rank condition for identification in simultaneous equations, β and γ1 are
identified if and only if

rk
{(

Π12

Π22

)}
= rk{Π22} = p− 1. (3.7)

One then may be interested in testing for

H0 : rk
{(

Π12

Π22

)}
< p− 1. (3.8)

The corresponding moment conditions can be written following Example 3.1. The difference in this
example is that q̃ = q1 > 0 in (2.1), and with Π = (π π̃), π′ = (Π′12 Π′22), π̃′ = (Π′11 Π′21), one is
interested in rk{π}.

Example 3.3 (Nonlinear model.) For example, consider the nonlinear model

y1,i = eα11x1,i + eα12x2,i + ε1,i,

y2,i = eα21x1,i + eα22x2,i + ε2,i, (3.9)

where xi = (x1,i, x2,i)′ are independent of εi = (ε1,i, ε2,i)′. The moment conditions are given by the
functions

g(z, vec(α)) =




(y1 − eα11x1 − eα12x2)x1

(y1 − eα11x1 − eα12x2)x2

(y2 − eα21x1 − eα22x2)x1

(y2 − eα21x1 − eα22x2)x2


 , (3.10)

where z′ = (y′, x′) and y = (y1, y2)′.

Remark 3.1 Rank conditions in nonlinear models arise often in questions of identification, for exam-
ple, in the context of nonparametric simultaneous equations and related models (see a recent work of
Matzkin (2005) and references therein).

4 GMM estimation of lower rank matrices and testing for rank

The GMM estimator under moment condition (2.2) can be defined in several ways. With the notation
of Section 2, we consider

̂̄αGMM(r) = argmin
ᾱ∈Ar

ḡ(ᾱ)′Ŵ ḡ(ᾱ), (4.1)
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where

ḡ(ᾱ) =
1
n

n∑

i=1

gi(ᾱ), (4.2)

and

̂̄αgmm(r) = P̂ ̂̄α∗gmm(r)diag(Iq̃, Q̂
′), ̂̄α∗gmm(r) = f(̂̄α∗f,gmm(r)), (4.3)

̂̄α∗f,gmm(r) = argmin
ᾱ∗f∈A∗r

ḡ∗(ᾱ∗f )′Ŵ ḡ∗(ᾱ∗f ), (4.4)

where

ḡ∗(ᾱ∗f ) =
1
n

n∑

i=1

g∗i (ᾱ
∗
f ). (4.5)

As usual, the matrix Ŵ will be assumed consistent, that is,

Ŵ
p→ W, (4.6)

where

W−1 = Eg(z, vec(ᾱ0))g(z, vec(ᾱ0))′. (4.7)

According to (2.11), the minimization in (4.1) can be thought over ᾱ such that rk{α} = r. Let also

G = E
∂g(z, vec(ᾱ))

∂vec(ᾱ)′
∣∣∣
ᾱ=ᾱ0

, (4.8)

HP0,Q0 = (diag(Iq̃, Q0)⊗ P0)
∂vec(f(ᾱ∗f ))
∂vec(ᾱ∗f )′

∣∣∣
ᾱ∗f=ᾱf,0

, (4.9)

where (P0, Q0) ∈ P0, and

J = GHP0,Q0 . (4.10)

Define also the corresponding test statistics

ξ̂GMM(r) = n ḡ(̂̄αGMM(r))′Ŵ ḡ(̂̄αGMM(r)), (4.11)

ξ̂gmm(r) = n ḡ(̂̄α∗gmm(r))′Ŵ ḡ(̂̄α∗gmm(r)). (4.12)

The following results are proved in Appendix A.

Theorem 4.1 Under the assumptions stated in Appendix A and when ᾱ0 is such that rk{α0} = r, we
have

√
n(̂̄αGMM(r)− ̂̄αgmm(r))

p→ 0. (4.13)
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With ̂̄α(r) denoting either ̂̄αGMM(r) or ̂̄αgmm(r), we have

√
n(vec(̂̄α(r))− vec(α0))

d→ N (0, Σ), (4.14)

where

Σ = G−1J(J ′WJ)−1J ′G−1′. (4.15)

In particular, the limiting covariance matrix Σ in (4.15) does not depend on the permutation matrices
(P0, Q0) ∈ P0 in (4.9).

Theorem 4.2 Under the assumptions stated in Appendix A and when ᾱ0 is such that rk{α0} = r, we
have

ξ̂GMM(r)− ξ̂gmm(r)
p→ 0. (4.16)

With ξ̂(r) denoting either ξ̂GMM(r) or ξ̂gmm(r), we have, under H0 : rk{α0} = r,

ξ̂(r) d→ χ2(m− s), (4.17)

where χ2(k) indicates a χ2-distribution with k degrees of freedom, and

s = pq̄ − (p− r)(q − r), (4.18)

and under Ha : rk{α0} > r,

ξ̂(r)
p→ +∞. (4.19)

In particular, (4.17) shows that, in the limit, the test statistic ξ̂gmm(r) is not affected by P0 through
(2.12). Note also that, in Example 3.1 of Section 3 and for suitable matrices Ŵ , the test statistic
ξ̂GMM(r) and the results above are exactly those found in Cragg and Donald (1997).

5 GEL matrix estimators and testing for matrix rank

With the GMM framework developped in Section 4, and using the seminal paper of Newey and Smith
(2004), one can naturally introduce GEL matrix estimators and tests. Following Newey and Smith
(2004) and the approach of Section 4, introduce

̂̄αGEL(r) = argmin
ᾱ∈Ar

sup
λ∈Λ̂n(ᾱ)

n∑

i=1

ρ(λ′gi(ᾱ)), (5.1)

where ρ is a concave function on an open interval V containing 0, Λ̂n(ᾱ) = {λ : λ′gi(ᾱ) ∈ V, i =
1, . . . , n}, and similarly

̂̄αgel(r) = P̂ ̂̄α∗gel(r)diag(Iq̃, Q̂
′), ̂̄α∗gel(r) = f(̂̄α∗f,gel(r)), (5.2)

̂̄α∗f,gel(r) = argmin
ᾱ∗f∈A∗r

sup
λ∗∈Λ̂n(ᾱ∗f )

n∑

i=1

ρ(λ∗′g∗i (ᾱ
∗
f )). (5.3)
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With the solutions λ̂(r) and λ̂∗(r) to (5.1) and (5.3), respectively, consider the test statistics

ξ̂GEL(r) = 2n

{
1
n

n∑

i=1

ρ(λ̂(r)′gi(̂̄αGEL(r)))− ρ0

}
, (5.4)

ξ̂gel(r) = 2n

{
1
n

n∑

i=1

ρ(λ̂∗(r)′g∗i (̂̄α∗f (r)))− ρ0

}
, (5.5)

where ρ0 = ρ(0). The following results are proved in Appendix A.

Theorem 5.1 Under the assumptions stated in Appendix A and when ᾱ0 is such that rk{α0} = r, we
have

√
n(̂̄αGEL(r)− ̂̄αgel(r))

p→ 0. (5.6)

With ̂̄α(r) denoting either ̂̄αGEL(r) or ̂̄αgel(r), we have

√
n(vec(̂̄α(r))− vec(α0))

d→ N (0, Σ), (5.7)

where

Σ = G−1J(J ′WJ)−1J ′G−1′. (5.8)

In particular, the limiting covariance matrix Σ in (4.15) does not depend on the permutation matrices
(P0, Q0) ∈ P0 in (4.9).

Theorem 5.2 Under the assumptions stated in Appendix A and when ᾱ0 is such that rk{α0} = r, we
have

ξ̂GEL(r)− ξ̂gel(r)
p→ 0. (5.9)

With ξ̂(r) denoting either ξ̂GEL(r) or ξ̂gel(r), we have, under H0 : rk{α0} = r,

ξ̂(r) d→ χ2(m− s), (5.10)

where s is given in (4.18), and under Ha : rk{α0} > r,

ξ̂(r)
p→ +∞. (5.11)

Similarly to what is noted after Theorem 4.2, the result (5.10) shows that the asymptotics of ξ̂gel(r)
is not affected by P0 through (2.12).

Direct application of Theorem 2.2 in Newey and Smith (2004) shows that (with their suitable
interpretation)

̂̄α∗f,gel(r) = ̂̄α∗f,md(r), (5.12)

where

̂̄α∗f,md(r) = argmin
ᾱ∗f∈A∗r ,π∗1 ,...,π∗n

n∑

i=1

h(π∗i ) subject to
n∑

i=1

π∗i g
∗
i (ᾱ

∗
f ) = 0,

n∑

i=1

π∗i = 1, (5.13)
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is the so-called minimum discrepancy (MD) estimator. The function h in (5.13) is related to the
function ρ, and the result (5.12) is proved only for particular classes of h and ρ. The same result of
Newey and Smith (2004) also shows that

π̂∗gel,i(r) = π̂∗md,i(r), i = 1, . . . , n, (5.14)

where π̂∗md,i(r) are the solutions to (5.13), and

π̂∗gel,i(r) =
ρ1(λ̂∗(r)g∗i (̂̄α∗f,gel(r)))∑n

j=1 ρ1(λ̂∗(r)g∗j (̂̄α
∗
f,gel(r)))

, i = 1, . . . , n, (5.15)

with ρ1(u) = ∂ρ(u)/∂u. The results of the type (5.12) and (5.14) reflect duality of estimators, and are
useful in reducing dimensionality when considering MD estimation problems.

6 Implementing tests and estimators for linear regression model

We would like to explore how GMM and GEL rank tests and estimators perform in Example 3.1 of
linear regression model. As discussed in Section 7, already this simple case presents computational
challenges. We also consider the simpler case of covariance matrix of error terms having a Kronecker
product structure. In this case, for a suitable choice of weight matrix Ŵ , GMM tests and estimators of
reduced-rank matrices are easy to express through SVD. This is briefly discussed in Section 6.1. Such
simple expressions are not available in the case of GEL and optimization is implemented numerically.
This is discussed in Section 6.2 and some relevant formulae are moved to Appendix B.

6.1 GMM rank tests and estimators for linear regression

For the linear regression model in Example 3.1, the GMM estimator of a reduced-rank matrix in (4.1)
can be written as

α̂GMM(r) = argmin
rk{α}=r

vec(yx′ − αxx′)′Ŵvec(yx′ − αxx′)

= argmin
rk{α}=r

vec(α̂ols − α)′(xx′ ⊗ Ip)Ŵ (xx′ ⊗ Ip)vec(α̂ols − α), (6.1)

where α̂ols = yx′(xx′)−1 is the usual OLS estimator, yx′ = n−1
∑n

i=1 yix
′
i and xx′ = n−1

∑n
i=1 xix

′
i. A

common choice for Ŵ in the rank literature is

Ŵ = (xx′)−1 ⊗ Σ̂−1, (6.2)

where Σ̂ = n−1
∑n

i=1(yi − α̂olsxi)(yi − α̂olsxi)′ is an estimator of Σ. With this choice, the estimator
α̂GMM(r) in (6.1) can be expressed as

α̂GMM(r) = Σ̂1/2 argmin
rk{α}=r

vec(α̂#
ols − α)′vec(α̂#

ols − α)(xx′)−1/2

=: Σ̂1/2α̂#
GMM(r)(xx′)−1/2, (6.3)

where α̂#
ols = Σ̂−1/2α̂ols(xx′)1/2.
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Finding α̂#
GMM(r) in (6.3) is a well-known problem in matrix analysis (Eckart and Young (1936)).

First, one considers the SVD of α̂#
ols, that is,

α̃#
ols = UDV ′ =

q∑

i=1

αiuiv
′
i (6.4)

(say for q ≤ p), where U = (u1 . . . uq), V = (v1 . . . vq), D = diag(α1, α2, . . . , αq) and αq ≤ αq−1 ≤
· · · ≤ α1. Then, α̂#

GMM(r) is given by

α̂#
GMM(r) =

r∑

i=1

αiuiv
′
i. (6.5)

Similarly, it is well-known that the corresponding test statistic ξ̂GMM(r) in (4.11) with the choice in
(6.2) is given by

ξ̂GMM(r) = n

q∑

i=r+1

α2
i . (6.6)

Precisely (6.3) with (6.5) and (6.6) are implemented for simulations reported in Section 7.

6.2 Implementing EL reduced-rank estimators for linear regression model

Suppose for simplicity that permutations are not necessary to have (2.3), and consider the case of EL
corresponding to the function ρ(v) = ln(1 − v) in (5.1) and thereafter. Then, we are interested in
computing the quantities (5.2)-(5.3) and (5.5), that is,

̂̄αgel(r) = ̂̄α∗gel(r) = f(α̂∗f,gel(r)), (6.7)

α̂∗f,gel(r) = argmin
α∗f∈A∗r

sup
λ∗∈Λ̂n(α∗f )

n∑

i=1

ln(1− λ∗′g∗i (α
∗
f )) (6.8)

and

ξ̂gel(r) = 2
n∑

i=1

ln(1− λ̂∗(r)
′
g∗i (α̂

∗
f,gel(r))). (6.9)

One way to implement (6.8) is summarized in lectures notes of Bruce Hansen (2007), with Matlab
code available for estimation in linear models. Implemented optimization involves Newton iterations
for both α∗f and α∗, and are referred to as, respectively, the outer loop and the inner loop.

Inner loop: For fixed α∗f , the inner loop updates λ∗ (λ∗0 = 0) according to the rule

λ∗j+1 = λ∗j − δ(Rλλ(α∗f , λ∗j ))
−1Rλ(α∗f , λ∗j ), (6.10)

where

Rλ(α∗f , λ∗) = −
n∑

i=1

g∗i (α
∗
f )

1 + λ∗′g∗i (α
∗
f )

, (6.11)
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Rλλ(α∗f , λ∗) =
n∑

i=1

g∗i (α
∗
f )g∗i (α

∗
f )′

(1 + λ∗′g∗i (α
∗
f ))2

(6.12)

and δ is chosen according to a particular rule (Hansen (2007), p. 89). The inner loop is already
implemented in the program available from Hansen, and the only change is to input the correct vector
g∗i (α

∗
f ).

Outer loop: The value of α∗f is updated according to the Newton iteration rule

α∗f,j+1 = α∗f,j − δ(R̃αα(α∗f,j , λ
∗))−1R̃α(α∗f,j , λ

∗), (6.13)

where

R̃α = Rα, R̃αα = R′
λαR−1

λλRλα −Rαα, (6.14)

with

Rα(α∗f , λ∗) = −
n∑

i=1

G∗
i (α

∗
f )′λ∗

1 + λ∗′g∗i (α
∗
f )

, (6.15)

Rλα(α∗f , λ∗) =
n∑

i=1

(
g∗i (α

∗
f )λ∗′G∗

i (α
∗
f )

(1 + λ∗′g∗i (α
∗
f ))2

− G∗
i (α

∗
f )

1 + λ∗′g∗i (α
∗
f )

)
, (6.16)

Rαα(α∗f , λ∗) =
n∑

i=1


G∗

i (α
∗
f )′λ∗λ∗′G∗

i (α
∗
f )

(1 + λ∗′g∗i (α
∗
f ))2

−
∂2

∂α∗f ∂α∗f
′ (g∗i (α

∗
f )′λ∗)

1 + λ∗′g∗i (α
∗
f )


 (6.17)

and

G∗
i (α

∗
f ) =

∂

∂α∗f
g∗i (α

∗
f ). (6.18)

This loop depends on the specific form of the functions g∗i (α
∗
f ) in moment conditions. The necessary

ingredients for this loop are derived in Appendix B. The Matlab code implementing EL rank tests
and reduced rank matrix estimators is available from the authors upon request.

7 Simulation study

To be added.

A Technical proofs

We prove here the results of Sections 4 and 5, and state relevant assumptions. For notational simplicity,
we shall assume that q̃ = 0 in (2.1) and hence that

ᾱ = α.

(We will remove the bar from all subsequent notation.) We shall use the following key technical result.
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Lemma A.1 The vector space spanned by the columns of

HP0,Q0 = (Q0 ⊗ P0)
∂vec(f(α∗f ))
∂vec(α∗f )′

∣∣∣
α∗f=α∗f,0

(A.1)

is the same for all (P0, Q0) ∈ P0 in (2.5).

Proof: The proof follows a simple indirect argument next. (We do not have a direct proof of the
lemma.) Consider a simple regression model

yi = α0xi + εi, i = 1, . . . , n,

where xi, εi are all i.i.d. such that Exix
′
i = Iq, Eεiε

′
i = Ip. Let α̂ = yx′(xx′)−1 be the least-squares

estimator of α0,where y = (y1 . . . yn) and x = (x1 . . . xn). Consider a standard test statistic for the
rank of α0,

ξ̂(r) = n min
rk{α}=r

vec(α̂− α)′vec(α̂− α)

= n

p−r∑

i=1

λ2
i ,

where λ2
i are the ordered eigenvalues of α̂α̂′. By standard results (see, for example, Robin and Smith

(2000)) which do not use any minimization, we have under rk{α0} = r,

ξ̂(r) d→ χ2((p− r)(q − r)). (A.2)

On the other hand, standard expansions as in Cragg and Donald (1996, 1997), also show that

ξ̂(r) d→ min
(P0,Q0)∈P0

vec(N (0, Ipq))′(I −HP0,Q0(H
′
P0,Q0

HP0,Q0)
−1H ′

P0,Q0
)vec(N (0, Ipq))

=: min
(P0,Q0)∈P0

ξP0,Q0 . (A.3)

Each of the variables under the minimum above have ξ2((p − r)(q − r)) distribution. By Lemma
A.2 below, the only way (A.2) and (A.3) can be consistent is when the variables ξP0,Q0 are the
same a.s. Since ξP0,Q0 are defined through the same vec(N (0, Ipq)), this can happen only when
HP0,Q0(H

′
P0,Q0

HP0,Q0)
−1H ′

P0,Q0
is the same for all (P0, Q0) ∈ P0. This proves the statement of the

lemma. 2

The following elementary lemma was used in the proof above.

Lemma A.2 If min{X, Y } =d X, then X ≤ Y a.s. If, in addition, min{X, Y } =d Y , then X = Y
a.s.

Proof: The second part follows immediately from the first part. The latter could be easily proved
by contradiction. If P (X > Y ) > 0, then there is (rational) r such that P (X > r > Y ) > 0 and hence
P (X ≥ r > Y ) > 0. But

P (X < r) = P (min{X, Y } < r) ≥ P (X < r) + P (X ≥ r > Y ),

which leads to contradiction since P (X ≥ r > Y ) > 0. 2
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Having Lemma A.1, the proofs of Theorems 4.1 and 4.2 are straightforward. We make the following
assumptions, adapted from Hall (2005). For r ≥ 1 and (P, Q) ∈ P, consider

gr,P,Q(z, vec(α∗f )) = g(z, vec(diag(Pα∗Q′)), (A.4)

where α∗f ∈ A∗r.
Assumption 1: The function gr,P,Q(z, vec(α∗f )) : Rd×A∗r → Rm is such that: (i) it is continuous onA∗r
for each z ∈ R, (ii) Egr,P,Q(zi, vec(α∗f )) exists and is finite for every α∗f ∈ A∗f , (iii) Egr,P,Q(zi, vec(α∗f ))
is continuous on A∗r .
Assumption 2: α∗f,0 satisfies Egr,P,Q(zi, vec(α∗f,0)) = 0 for r = rk{α0} and (P,Q) ∈ P0.

Assumption 3: Egr,P,Q(zi, vec(α∗f )) 6= 0 for all α∗f , r, P , Q other than in Assumption 2.

Assumption 4: (i) The derivative matrix ∂gr,P,Q(z, vec(α∗f ))/∂vec(α∗f )′ exists and is continuous onA∗r
for each z ∈ Rd, (ii) α∗f,0 is an interior point ofA∗r for r = rk{α0}, (iii) E∂gr,P,Q(z, vec(α∗f,0))/∂vec(α∗f )′

exists and is finite.

Assumption 5: rk{E∂gr,P,Q(zi, vec(α∗f,0))/∂vec(α∗f )′} = m for r = rk{α0} and (P, Q) ∈ P0.

Assumption 6: A∗r is a compact set.

Assumption 7: E supα∗f∈A∗r |gr,P,Q(zi, vec(α∗f ))| < ∞.

Assumption 8: Eg(zi, vec(α0))g(zi, vec(α0))′ exists and is finite.

Assumption 9: E∂gr,P,Q(z, vec(α∗f ))/∂vec(α∗f )′ is continuous in some neighborhood Nε of α∗f,0, for
r = rk{α0} and (P, Q) ∈ P0.

Assumption 10: supα∗f∈Nε
z
∣∣∣ 1
n

∑n
i=1

∂gr,P,Q(zi,vec(α∗f ))

vec(α∗f )′ − E
∂gr,P,Q(zi,vec(α∗f ))

vec(α∗f )′

∣∣∣ p→ 0, for r = rk{α0} and

(P,Q) ∈ P0.

Proofs of Theorems 4.1 and 4.2: We follow standard arguments for GMM, see Hall (2005), pp.
69-73. We first establish Theorem 4.2. One can show that α̂GMM(r) is a consistent estimator. Hence,
a.s. for large n,

ξ̂GMM(r) = n min
α∗f∈A∗f ,(P,Q)∈P0

ḡ∗P,Q(α∗f )′Ŵ ḡ∗P,Q(α∗f ),

where

ḡ∗P,Q(α∗f ) =
1
n

n∑

i=1

g(zi, (Q⊗ P )vec(α∗)).

To prove (4.16), it is enough to show that the asymptotics of

ξ̂P,Q(r) := n min
α∗f∈A∗f

ḡ∗P,Q(α∗f )′Ŵ ḡ∗P,Q(α∗f )

does not depend on (P, Q) ∈ P0. As in (3.35) on p. 73 in Hall (2005), we can write

Ŵ 1/2n1/2ḡ∗P,Q(α∗f ) = (I −W 1/2J(J ′WJ)−1J ′W 1/2′)W 1/2n1/2ḡ∗P,Q(α∗f,0) + op(1)

= (I −W 1/2J(J ′WJ)−1J ′W 1/2′)W 1/2n1/2ḡ(α0) + op(1),
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where α̂∗f minimizes ξ̂P,Q(r), and

J = E
∂g(zi, (Q⊗ P )vec(α∗))

∂vec(α∗f )′
∣∣∣
α∗=α∗0

= E
∂g(zi, vec(α))

∂vec(α)′
∣∣∣
α=α0

(Q⊗ P )
∂vec(α∗)
∂vec(α∗f )′

∣∣∣
α∗=α∗0

= GHP,Q, (A.5)

using notation (4.8)-(4.10). Hence,

ξ̂P,Q(r) = nḡ(α0)′W 1/2′(I −W 1/2J(J ′WJ)−1J ′W 1/2′)W 1/2ḡ(α0) + op(1).

Using Lemma A.1 above, W 1/2J(J ′WJ)−1J ′W 1/2′ and hence ξ̂P,Q(r) do not depend on (P, Q) ∈ P0.
Relation (4.17) follows from the last expression as well. Relation (4.19) is elementary to establish.
The proof of Theorem 4.1 is similar. Using the notation α̂∗f above and arguing as in Hall (2005), p.
72, one can write

n1/2((Q⊗ P )vec(α̂∗)− vec(α0)) = −G−1J(J ′WJ)−1J ′W 1/2′(W 1/2n1/2ḡ(α0)) + o(1),

from which the conclusion follows, using Lemma A.1. 2

We now turn to Theorems 5.1 and 5.2, and add the following assumptions adapted from Newey
and Smith (2004).

Assumption 7’: E supα∗f∈A∗r |gr,P,Q(zi, vec(α∗f ))|α < ∞ for some α > 2.

Assumption 9’: E supα∗f∈Nε

∣∣∣∂gr,P,Q(zi, vec(α∗f ))/∂vec(α∗f )′
∣∣∣ < ∞.

Assumption 11: ρ(v) is twice continuously differentiable in a neighborhood of zero.

Proofs of Theorems 5.1 and 5.2: The proof will not be given as it follows directly from the results
of Newey and Smith (2004), and Lemma A.1, using the approach of the proof of Theorems 4.1 and
4.2. Let us just add that (5.11) follows from the following observation. By Assumption 7’, there is a
random variable C such that

|gr,P,Q(zi, vec(α∗f ))| ≤ Cn1/α, i = 1, . . . , n.

Then, for example with ρ0 = 0,

argmin
α∗f∈A∗r

sup
λ∗∈Λ̂n(α∗f )

N∑

i=1

ρ(λ∗′gr,P,Q(zi, vec(α∗f ))) ≥ C ′

n1/α
argmin
α∗f∈A∗r

gr,P,Q(zi, vec(α∗f ))
p→∞,

for another random constant C ′ > 0. 2

B Ingredients for the outer loop

We report here several formulae necessary for the outer loop in Section 6.2. For notational simplicity,
we drop below the dependence on ∗, f , and denote for example, α = α∗f , g∗i = gi, and so on. We also
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write α for α′ = (vec(α11)′, vec(α12)′, vec(α21)′). Up to a permutation, the relevant moment conditions
are given by

gi(α) = g(zi, α) =
(

g1(zi, α)
g2(zi, α)

)
,

where g1, g2 are given by

g1(z, vec(α)) = vec((yx′)1 − α11(xx′)1 − α12(xx′)2),
g2(z, vec(α)) = vec((yx′)2 − α21(xx′)1 − α21α

−1
11 α12(xx′)2)

and we use the partitions

yx′ =
(

(yx′)1
(yx′)2

)
, xx′ =

(
(xx′)1
(xx′)2

)
,

with r × q submatrices (yx′)1 and (xx′)1.
Implementing the outer loop requires computing

G(1)(α) =
∂

∂α′
g(z, α), (B.1)

G(2)(α) =
∂2

∂α∂α′
g(z, α). (B.2)

Tedious computations, especially for G(2)(α), and numerous use of Magnus and Neudecker (1999)
leads to

G(1)(α) =

( −(xx′)⊗ Ir 0rq×r(p−r)

(xx′)2α′12α
′
11
−1 ⊗ α21α

−1
11 − (xx′)2 ⊗ α′21α

′
11
−1 (−(xx′)1 − (xx′)2α′12α

′
11
−1)⊗ Ip−r

)
,
(B.3)

and

G(2)(α) = B1

(
∂vec(A1)
∂vec(α11)′

∂vec(A1)
∂vec(α12)′

∂vec(A1)
∂vec(α21)′

)

+ B2

(
∂vec(A2)
∂vec(α11)′

∂vec(A2)
∂vec(α12)′

∂vec(A2)
∂vec(α21)′

)

+ B3

(
∂vec(A3)
∂vec(α11)′

∂vec(A3)
∂vec(α12)′

∂vec(A3)
∂vec(α21)′

)
, (B.4)

where

B1 =







0((qr+rp−r2)rq+kr2+k(rq+rp−2r2))×r2

Ir2

0((qr+rp−r2)q(p−r)−(k+1)r2−k(rq+rp−2r2))×r2




k=0,1,...,q(p−r)−1


 , (B.5)

B2 =







0((qr+rp−r2)rq+(k+1)r2+kr(q−r)+kr(p−r))×r(q−r)

Ir(q−r)

0((qr+rp−r2)q(p−r)−(k+1)r2−(k+1)r(q−r)−kr(p−r))×r(q−r)




k=0,1,...,q(p−r)−1


 , (B.6)

B3 =







0((qr+rp−r2)rq+(k+1)rq+kr(p−r))×r(p−r)

Ir(p−r)

0((qr+rp−r2)q(p−r)−(k+1)rq−(k+1)r(p−r))×r(p−r)




k=0,1,...,q(p−r)−1


 , (B.7)
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and

∂vec(A1)
∂vec(α11)′

= −(Iq ⊗Kp−r,r ⊗ Ir)(((xx′)2α12
′α−1

11
′ ⊗ α−1

11 )⊗ vec(α−1
11
′
α21

′))

− (Iq ⊗Kp−r,r ⊗ Ir)(vec(α−1
11 α12(xx′)2)⊗Kp−r,r(α−1

11
′ ⊗ α21α

−1
11 )), (B.8)

∂vec(A1)
∂vec(α12)′

= (Iq ⊗Kp−r,r ⊗ Ir)(((xx′)2 ⊗ α−1
11 )⊗ vec(α−1

11
′
α21

′)), (B.9)

∂vec(A1)
∂vec(α21)′

= (Iq ⊗Kp−r,r ⊗ Ir)(vec(α−1
11 α12(xx′)2)⊗ (Ip−r ⊗ α−1

11
′)Kp−r,r), (B.10)

and

∂vec(A2)
∂vec(α11)′

= (Iq ⊗Kp−r,q−r ⊗ Ir)(vec((xx′)2)⊗ (α21α
−1
11 ⊗ α−1

11
′)Kr), (B.11)

∂vec(A2)
∂vec(α21)′

= −(Iq ⊗Kp−r,q−r ⊗ Ir)(vec((xx′)2)⊗ (Ip−r ⊗ α−1
11
′)Kp−r,r), (B.12)

∂vec(A2)
∂vec(α12)′

= 0, (B.13)

and

∂vec(A3)
∂vec(α11)′

= (Iq ⊗Kp−r,r ⊗ Ip−r)(((xx′)2α′21α
−1
11
′ ⊗ α−1

11 )⊗ vec(Ip−r)), (B.14)

∂vec(A3)
∂vec(α12)′

= −(Iq ⊗Kp−r,r ⊗ Ip−r)(((xx′)2 ⊗ α−1
11 )⊗ vec(Ip−r)), (B.15)

∂vec(A3)
∂vec(α21)′

= 0, (B.16)

where Km,n denotes a commutation matrix.
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