Spatial competition between shopping centers

Anténio Brandao

CEF.UP and Faculdade de Economia. Universidade do Porto.

Joao Correia-da-Silva

CEF.UP and Faculdade de Economia. Universidade do Porto.

Joana Pinho

Faculdade de Economia. Universidade do Porto.

January 2374, 2012.

Abstract. We study competition between two shopping centers located at the extremes
of a linear city, without restricting consumers to make all their purchases at a single place.
In the case of competition between a shopping mall and a department store: if the number
of goods is low, all the consumers shop at a single place; if it is moderately high, some
consumers travel to both extremes to buy each good where it is cheaper (there is a single
good that is cheaper at the shopping mall, all the others are cheaper at the department
store). The shops at the mall, taken together, obtain a lower profit than the department

store. Nevertheless, we expect two shopping malls to endogenously appear in equilibrium.

Keywords: Modes of retail, Multi-product firms, Horizontal differentiation, Hotelling
model, Two-stop shopping.

JEL Classification Numbers: D43, LL13.

Jodo Correia-da-Silva (joao@fep.up.pt) acknowledges support from CEF.UP and from Fundacdo para a
Ciéncia e Tecnologia and FEDER (research grants PTDC/EGE-EC0/108331/2008 and PTDC/EGE-
ECO/111811/2009). Joana Pinho (jpinho@fep.up.pt) acknowledges support from Fundagao para a Ciéncia
e Tecnologia (Doctoral and Post-Doctoral scholarships). We are grateful to Paul Belleflamme and Pedro
Pita Barros for their useful comments, questions and suggestions. We thank the participants in the 2010
CEFAGE Workshop on Industrial Economics, the 5** Meeting of the PEJ, a seminar at U. Vigo, the 5"
Economic Theory Worshop in Vigo and the 3" UECE Lisbon Meeting on Game Theory and Applications.



1 Introduction

Shopping centers have existed for many centuries as galleries, market squares, bazaars
or seaport districts. The oldest indoor space where consumers can buy a huge variety
of goods is the Al-Hamidiyah Souq, in Damascus (Syria), and dates back to the seventh
century. Today, shopping centers are responsible for a very significant fraction of consumer
spending. In 2005, the sales revenues of all the shopping centers located in the United
States totalled $1.5 trillion (corresponding to an average of $5000 per capita).!

One of the reasons why shopping centers are so attractive is that they allow consumers
to buy many kinds of goods without spending much time and money commuting between
shops. Therefore, to study competition between shopping centers, one should take into
account the demand for many different goods and also the cost of traveling to one or more
shopping centers. Most of the existing spatial competition models fail to do so, because
they either restrict the analysis to markets with a single good or assume that consumers
make all their purchases at the same place (Bliss, 1988; Beggs, 1994; Smith and Hay, 2005;
Innes, 2006). This “one-stop shopping” assumption is very convenient because it allows

treating multiple goods as a single bundled good.

We provide a study of competition between shopping centers by extending the stan-
dard model of spatial competition (Hotelling, 1929; d’Aspremont, Gabszewicz and Thisse,
1979) to the case of multiple goods without assuming “one-stop shopping”. This extension
is straightforward in concept but technically difficult. We consider the existence of two
shopping centers located at the extremes of a linear city, selling the same set of goods.
Consumers are uniformly spread across the city and buy exactly one unit of each good.
They may travel to a shopping center and buy all the goods there or travel to both shopping

centers and buy each good where it is cheaper.?

A shopping center may be either a shopping mall (where each good is sold by an inde-

pendent firm) or a department store (where a single firm sells all the goods).> We solve for

thttp:/ /www.statemaster.com/graph/lif_sho_mal_est_sal-lifestyle-shopping-malls-estimated-sales.
2Consumers are assumed to be fully informed about the prices charged in each extreme of the city.

3We rule out bundling strategies (we assume that the price of a bundle of goods is equal to the sum of
the price of the individual goods). For an analysis of the bundle pricing problem in a related context, see
Armstrong and Vickers (2010). See also Hanson and Martin (1990).



the equilibrium prices, market shares and profits in three scenarios of retail organization:
(1) competition between a department store and a shopping mall; (i7) competition between

two department stores; (#i7) competition between two shopping malls.

In the case of competition between a department store and a shopping mall, we find
that there may be consumers visiting the two extremes of the city or not, depending on the
number of goods that are sold by the shopping centers. If there are up to four goods, all
the consumers make their purchases at a single place (“one-stop shopping”). If there are
between seven and eleven goods, some consumers are willing to travel to both extremes of
the city to buy each good where it is cheaper (“two-stop shopping”). In this case, there is
only one good that is cheaper at the shopping mall than at the department store. However,
its price is low enough for some consumers to travel there just to buy this good. If there

are five, six or more than eleven goods, there is no price equilibrium in pure strategies.

Regardless of the number of goods, the price of the bundle is lower at the department
store than at the shopping mall. This occurs because the otherwise unrelated goods become
complements when they are sold at the same location (and substitutes when they are sold
at different extremes of the city). When a shop at the mall considers the possibility of
decreasing its price, it only cares about the increase of its own demand and not about the
increase of the demand of the other shops at the mall. In contrast, the department store
internalizes this effect, and takes into account that a decrease in the price of one good also
increases the demand for its other goods. In spite of charging a lower price for the bundle,

the department store obtains a higher profit than the shops at the mall taken together.

The scenario in which prices are lower is that of competition between two department
stores. In this case, the price charged for the bundle of goods is equal to the price charged
in the single-good model (independently of the number of goods). The two department
stores obviously capture equal shares of the market and obtain equal profits. These are,

unsurprisingly, lower than the profits obtained when competing against a shopping mall.

Finally, in the scenario of competition between two shopping malls, we find that each
good is sold at the same price as in the single-good model. The shops behave as if consumers
only bought their good. This is the competitive scenario in which prices are higher. The
explanation is the same as before: the shops at the mall set the same price as in the single-

good model because they do not internalize the positive effect of a price decrease on the



other shops at the same mall.

After finding the equilibrium prices in each of the three competitive scenarios, it is
straightforward to analyze whether it is more profitable to have a department store offering
many products or several independent shops at a mall.* We answer this question by
considering a two-stage game in which the shopping centers simultaneously choose their
modes of retail and then compete in prices. We find that, if the number of goods is not
greater than four, it is a dominant strategy to be organized as a shopping mall rather than
as a department store. Therefore, the competitive scenario that is expected to appear in
equilibrium is that of competition between two shopping malls. However, if the number of
goods is between seven and eleven, there is another equilibrium, which is Pareto-inferior:

competition between two department stores.

As explained previously, a department store has stronger incentives to charge lower
prices than the independent shops at a mall. If the prices of the rival retailers remained
the same, the greater aggressiveness of the department store would be profitable. However,
setting lower prices induces the rivals to lower their prices as well. If the number of
goods is low, this effect dominates, leading to lower profits for everyone. The reason why
both sides win when a department store separates into several independent shops was
explained by Innes (2006): “a multi-product retailer can effectively pre-commit to higher
prices by organizing itself as a mall of independent outlets”. 1f the number of goods is
high, it becomes more profitable to compete against a department store by behaving as a
department store. But it is still better to compete against a shopping mall by behaving
as a shopping mall. This is why the endogenous modes of retail may be two department

stores or two shopping malls.

In the literature, the first related result was presented by Edgeworth (1925), who found
that it is better, for consumers, to have a single monopolist selling two complementary
goods than to have two separate monopolists. Salant, Switzer and Reynolds (1983) came
up with a similar result, but in a model of Cournot competition. Using a framework
that is closer to ours, Bertrand competition with linear demand, Beggs (1994) concluded

that separating into several shops at a mall may be desirable or not, depending on the

4Since otherwise unrelated goods become complements when they are sold at the same shopping center,
this question is related to the literature on mergers between firms that sell complementary goods. See, for
example, Matutes and Regibeau (1992), Economides and Salop (1992) or Bart (2008).



degree of substitutability between the goods sold at the competing shopping centers (either
two department stores or two shopping malls may emerge in equilibrium). Innes (2006)
studied the effect of entry and concluded that only department stores survive in equilibrium
because they compete more aggressively and, therefore, are more effective in deterring
entry. Shopping malls would be driven out of the market by department stores because
when there is competition between department stores and shopping malls, the former have

higher profits.?

We also compare the consumers’ surplus and the total surplus in the different competi-
tive scenarios. Since all the consumers are assumed to buy exactly one unit of each good,
a change in prices simply transfers surplus between consumers and producers. Therefore,
total surplus is maximized when consumers shop at the closest shopping center (trans-
portation costs are minimized). This occurs when there are either two department stores
or two shopping malls. Unsurprisingly, the consumers’ surplus is the highest in the case of
competition between two department stores. Competition between two shopping malls is
actually the worst scenario for consumers. In spite of having to support higher transporta-
tion costs, consumers are better off when there is a department store and a shopping mall

than when there are two shopping malls.

Our model is pioneer in extending the standard spatial competition model (Hotelling,
1929; d’Aspremont, Gabszewicz and Thisse, 1979) to analyze multi-product competition
between department stores and shopping malls. To the best of our knowledge, Lal and
Matutes (1989) were the first to present a multi-product version of the linear city model of
Hotelling (1929). Their objective was to study price discrimination between two types of
consumers.® Later, Lal and Matutes (1994) and Lal and Rao (1997) introduced imperfect
information about prices and the possibility that firms announce the prices that they charge
for one or more goods (with advertising acting as a commitment device). In all these works,
the analysis is restricted to the case of competition between two department stores that

sell two goods. We allow a finite number of goods and an alternative mode of retail: the

5Smith and Hay (2005) have also studied price competition under alternative modes of retail organiza-
tion (shopping streets, shopping malls and department stores), but did not consider competition between
different modes of retail.

SIn the model of Lal and Matutes (1989), there are two types of consumers: poor and rich. The poor do
not support transportation costs. Therefore, they buy each good where it is cheaper (“one-stop shopping”
is not assumed). The rich, on the other hand, support transportation costs and, in equilibrium, are not
interested in shopping around.



shopping mall.”

Other authors have analyzed multi-product price competition, but did not use the spa-
tial competition model to do so. Moreover, most of them based the analysis on the as-
sumption that consumers make all their purchases at the same shopping center (Bliss,
1988; Beggs, 1994; Smith and Hay, 2005; Innes, 2006).® They support this “one-stop shop-
ping” assumption on the fact that shopping implies time and transportation costs. In our
opinion, even with the support of empirical works as the one of Rhee and Bell (2002), who
have found that consumers make 94% of their weekly groceries expenditures at the same
supermarket, it is of interest to relax the assumption that consumers necessarily make all

their purchases at the same place.

A duopoly model in which consumers decide whether to buy goods from a single seller or
to support an additional cost to buy goods from the two sellers was proposed by Klemperer
(1992). He found that if the product lines of the sellers are differentiated, some consumers
make “two-stop shopping” to benefit from a greater variety of goods. When the product
lines are identical, the motive for “two-stop shopping” disappears. Consumers never make

“two-stop shopping” to take advantage of price differences (as they do in our model).?

Armstrong and Vickers (2010) also studied competition between two department stores
that sell two horizontally differentiated goods, but with consumers located in a square
according to their preferences for the different varieties of the two types of goods. In their
model, a consumer may prefer the variety of good A that is sold by one firm and the variety

of good B that is sold by the other firm.!® For this reason, some consumers make “two-stop

"There are other extensions of the spatial competition model that allow for multi-product firms, but
in which consumers only buy one of the goods that are available (Laussel, 2006; Giraud-Heraud, Ham-
moudi and Mokrane, 2003). Goods available in a shopping center are, in this case, substitutes instead of
complements. These models correspond to completely different economic settings.

8An exception is the model proposed by Thill (1992) in which a firm that sells two goods competes
against a firm that sells only one of the goods. He concluded that some of the consumers that need to buy
both goods choose to make “two-stop shopping”.

9The structure of the model of Klemperer (1992) implies that consumers always buy equal amounts
of every good that is sold by the firms - they buy the whole product line. This prevents the model from
capturing a dimension of multi-product competition that is crucial to our results, which is the fact that
a firm can sell some goods at a low price to attract consumers and take advantage of commuting costs
to be able to sell the other goods at a high price. Given the focus of his contribution, this is perfectly
acceptable. The main point of his paper is that the sellers may choose the same product line to decrease
the level of competition!

10Contrarily to the previously mentioned spatial competition models, in which the goods offered by the
firms are assumed to be homogeneous except for the location where they are offered.



shopping”. The contribution of Armstrong and Vickers (2010) has also the notable feature
of addressing the bundle pricing problem (they allow the price of the bundle to be lower
than the sum of the prices of the individual goods), in contrast with the existing literature

on spatial multi-product competition.

Our conclusions show that reducing the research on multi-product competition to the
case of two goods may be overly restrictive. In our model, the richness of considering more
than two goods has its origin in the following economic mechanism. When there is “two-
stop shopping”, the goods are partitioned in two bundles: those that are cheaper at the
department store and those that are cheaper at the shopping mall. When the department
store decreases the price of the first bundle and increases in the same amount the price of
the second, there is an increase in the demand for the first bundle and an equal decrease
in the demand for the second bundle. If the first bundle is more expensive, this variation
is profitable. Otherwise it is not. This is why the department store sets lower prices than
the shopping mall for all the goods except one (maximizes the price of the first bundle and

minimizes the price of the second).

The remainder of the article is organized as follows. In Section 2, we setup the model,
introduce notation and obtain the demand and the profit functions. In Section 3, we
present the possible competitive scenarios and find the equilibrium prices in each one. We
study the merger game in Section 4. Section 5 is dedicated to a welfare analysis. Section 6

concludes the article with some remarks. Most of the proofs are collected in the Appendix.

2 The model

2.1 Basic setup

We consider a multi-product version of the model of Hotelling (1929). There is a continuum
of consumers uniformly distributed across a linear city, [0, 1]. Each consumer buys one unit
of each of the products, i € Z = {1, ..., n}, which are sold at the extremes of the city (x =0
and = 1). The price of good i at the left extreme (L) is denoted by p;;, and the price of
good i at the right extreme (R) is denoted by p;g.



The reservation price for each product, V;, is assumed to be high enough for the market to
be fully covered. Thus, the demand is perfectly inelastic and the only decision of consumers
is where to buy each product. Each consumer chooses among three possibilities:

(L) to buy all the goods at x = 0;
(R) to buy all the goods at z = 1;

(LR) to travel to both extremes and buy each good where it is cheaper.

We denote by P, and by Pg the price that a consumer pays for all the goods at x = 0
and at x = 1, respectively (P, = Y7 pir and Pr = > pir). By Prgr, we denote the
price that a consumer pays for all the goods if she buys each good where it is cheaper

(PLr = Z?:l min{p;r, pir}).

To make their decision, consumers take into account not only the prices charged for the
products, but also the transportation costs that they must support to acquire them. We
assume that the transportation costs are linear in distance. Let uy(z), ug(x) and upg(x)
denote the utility attained by an agent located at = € [0,1] who chooses to purchase,
respectively: (L) all the goods at = 0; (R) all the goods at x = 1; (LR) each good where
it is cheaper. Then:
ur(x) =30, Vi — Pp —ta,
ur(r) = 325, Vi— Pr—t(1 — ),
upp(x) => 0 Vi— Prg —t.

It is important to keep in mind that if a consumer travels to both extremes, she supports
higher transportation costs than if she had chosen to purchase all the goods at the same
location. For this reason, the demand for each product at a certain location is related to
the demand for any other product at any location. Products sold at the same location are

complementary goods, while products sold at different locations are substitutes.

2.2 Demand and profit functions

The consumers that are most likely to purchase a good that is sold at one of the extremes
are those who are located closer to that extreme. When all the goods have strictly positive
demand at both locations, the consumers near the left extreme are surely buying all the

goods at x = 0 (their choice is L), while those near the right extreme are surely buying all



the goods at = 1 (their choice is R).

Depending on the prices charged for each good at each location, some consumers may
find it worthwhile to travel to both extremes of the city, to buy each good where it is
cheaper. This occurs if some goods are sufficiently cheaper at £ = 0 while other goods are
sufficiently cheaper at x = 1. On the contrary, if the price differences across locations are
relatively small, then all the consumers make their purchases at a single location, either
at © = 0 or at x = 1. These possible demand scenarios (one-stop shopping and two-stop

shopping) are illustrated in Figure 1.

o
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Figure 1: Possible demand scenarios.

To obtain the demand for each good at each location, it is useful to find the location
of the consumer that is indifferent between each pair of choices (among L, R and LR).

Accordingly, we use some additional notation.

By Z, we denote the location of the consumer that is indifferent between L and LR:

P—P
uL(xL):uLR(jL) =4 ILzl—M.

t

We denote by £ the consumer that is indifferent between R and LR:

- . Pr—P
UR(zR):ULR(xR) = .QTR:M.

t

Finally, we denote by Z the consumer that is indifferent between L and R. It is clear from
the expression below that z = %

~ ~ ~ 1 PR Pl
— 4y &
ur () =ur () & 7 5 + o7



There are consumers traveling to both extremes of the city if Z; < Zg, which is equivalent
to > o7 |pir — pir| > t. Otherwise, all the consumers make their purchases at a single
place. It is easy to verify that >, ; [pir — pir| < t implies that 0 < Z < 1. Therefore, in
this case, the demand for each good sold at L is & and the demand for each good sold at
Ris1—1z.

It is convenient to denote the vector of prices of all the goods at both locations by

p € IR?" and to consider the following sets:

Pr={peRY: X slpir —pir| <t};
Pr={p € RY: 3. ;|pir —pir| >t}

If there are consumers that travel to both extremes, the demand for a good depends on
whether this good is cheaper at L or at R. Denoting by Z; and Zg the sets of goods
that are strictly cheaper at L and R, respectively, we can write the expressions for the

indifferent consumers as follows:

and
Tp= % Z (pir — pi) -
€Ly,
The demand for a good i € 7y, at L is min {Tg, 1}, while its demand at R is maz {0,1 — Zr}.
If i € Ty, its demand at L is maxz {0, Z1} and its demand at R is min {1 — 21, 1}. In case
of a tie (pir = pir), each consumer that travels to both extremes may either buy good i
at L or at R. Any tie-breaking assumption leads to the same results. We can assume, for

example, that half of the consumers buys good ¢ at L and the other half buys it at R.
The demand for good i at x = 0 is:

(

x if peP,

min {Zg, 1} if pePy A pir <pir
q;1, = )
5 (min {7, 1} + max {0,7.}) if peP2 A pi=Dpir

| max {0,Z.} if p€Py A pir >pir

10



while the demand for the same good at x =1 is ¢;g = 1 — ¢;r.

The marginal cost of producing one unit of each of the goods is assumed to be zero.
Under this assumption, the profits coincide with the sales revenues. This simplification

does not affect any of the results in the paper.!

The profit that results from selling good i at = = 0 is:

pa (3 + P12 i pen
. piLmin{@,l} if pePy A pir <pir
) me (min {BaPem 1) 4 omax {0,1— B=BmY) if pePy A pi = pin
| pizmax {0,1 — Z=len} it p&€Py A pir>pir

By symmetry, the profit that results from selling good i at the right extreme of the city is:

pin (& -+ Ei5n) it peP
M. — pipmin { £=Lee 11 if pePy A pir<pirL
" =3 (min{@,l}—i—ma}c{@,l—@}) if pePy A pir=npiL
L piRmaX{Oal—@} if pePy A pir>pi

2.3 Modes of retail and price-setting behavior

On the supply side, we consider two different modes of retail: department stores and
shopping malls. A department store is a multi-product firm that sells the n goods at the

same location. For example, a department store at x = 0 sells goods {iL} seeking to

i€T
maximize its profit, II, = > II,;;. A shopping mall is a group of single-product firms
that sell each of the n goods at the same location. For example, a shopping mall at x =1
is composed by n firms, each firm selling one good, iR, with the objective of maximizing
its individual profit, II;z. We exclude the possibility of coordinated behavior among shops
at a mall. Each shop chooses how much to charge for the product it sells, taking the

remaining prices as given.

1 To obtain the equilibrium prices for the case in which the marginal costs are constant but different
from zero, simply add the marginal cost to the equilibrium prices that we obtain.

11



2.3.1 Profit maximization by a department store

With prices that induce one-stop shopping (which are such that p € Py), the profit of a

department store is:

1 Pp—P,
M, =P, (=+-2_"1).
g L<2+ 2t )

In this domain, profit maximization only requires that:

PrL=—+z. (1)

It is always possible for the department store to set prices that add up to this P, and that

induce one-stop shopping. For example, by setting p;;, = ]Iz—;piR,W el

With prices that induce two-stop shopping (which are such that p € P,), the profit of

the department store is given by:

I, = % ZZ%L Z(ij —pir) + Z DiL [1 — % Z (pjL — ij)] . (2)

€7, JELL 1€ZR JEIR

For any 7 € 7y, the first-order condition is:

oLl =0 < sz’L = % Z]%R‘ (3)

On:
pir ieT; ieTr

While for any ¢ € Zg, the first-order condition is:

aHL:()(:)ZpZ-L:%ZpiR—i—%. (4)

OD:
pir i€Tr i€Tr

The prices that satisfy these first-order conditions induce two-stop shopping (that is, imply
that p € P,) if and only if:

Z Pir — Z pir > t. (5)

i€Ly, 1€1R

12



This is actually a necessary and sufficient condition for the department store to be inter-

ested in inducing two-stop shopping.

Lemma 1. A department store located at x = 0 prefers to induce two-stop shopping if and

only if: Y ier, Pik — Yiez, PiR > 1.

Proof. Observe that if the prices at the right extreme do not satisfy condition (5), then,
to induce two-stop shopping, the department store would have to sell the bundle of goods
7. at a lower price than the bundle Zg:

ZzEILp R ZZEIRP R = ZpiL < Z bir-

ZieIL (pir — i) + ZieIR (pir — pir) >t €Ty, i€TR

But this implies that, for any given Py, the one-stop shopping scenario is more profitable

than the two-stop shopping scenario:

sz’L<sz‘L < <fR—j7R—fL> ZPiL—F(iL—%—fR) ZpiL<0 =

ieTy, i€Tn ieT;, i€Tr
& IR E pir + I E pir, < TPr. (6)
€Ly, i€ZRr

]

Observe that adding (3) and (4), we obtain (1). This means that the department store
actually charges the same price for the bundle of n goods regardless of whether it induces

two-stop shopping or not.

Lemma 2. A department store located at x = 0 always sets the price of the bundle of n

goods to: Py = % + %

When a department store induces two-stop shopping, only one of the goods is more expen-

sive there that at the other shopping center. All the other goods are cheaper.

Lemma 3. When inducing two-stop shopping, a department store located at x = 0 typically
chooses the set Iy to contain a single element, j € argmin,cz {pir}. The only exception is
when there is more than one good i with p;r = 0. In this case, Zr can be any non-empty

subset of those goods.

13



Proof. See the Appendix. O

To understand this result, it may be useful to look at two-stop shopping as a situation in
which there is competition in markets for two bundled goods: Z; and Zg. The department
store faces the problem of choosing the partition of Z that defines the two bundles. Suppose
that the prices are initially the same for all the goods and at both locations. When the
department store decreases the price of a bundle of goods and increases the price of the
remaining goods maintaining the total price constant, there is an increase in the demand
for the first bundle and an equal decrease in the demand for the second bundle. The more
expensive is the first bundle and the cheaper is the second bundle, the more profitable is
this variation. This is why the department store sets lower prices than the shopping mall

for all the goods except one.

The partition that is chosen maximizes the price of Z; at the shopping mall and min-
imizes the price of Zp at the shopping mall. The department store, then, sells Z; at a
lower price and Zr at a higher price. In the end, two-stop shopping is profitable if the
department store is able to sell Z;, (the bundle for which it has a high demand) at a higher
price than Zp (the bundle for which it has a low demand).

The profit-maximizing behavior of a department store is summarized in Proposition 1.

Proposition 1. Let j € argmin,c; {pir}. If Zi# pir —Pir < t, a department store located
at x = 0 induces one-stop shopping, setting prices for the individual goods that are such

that: Y . |pir — pir| <t and Py, = %—’—%. Otherwise, the department store induces two-stop
shopping, setting 3, pir, = %Zi# pir (with pir, < pig, Vi # j) and pjr, = spjr + 3.

2.3.2 Profit maximization by the shops at the mall
In this subsection, we consider the profit-maximization problem of an individual shop
located at the right extreme of the city.

To study the behavior of II;z as a function of p;g, it is convenient to define a partition
of the domain of p;r that separates the cases in which: (D;) all consumers buy good i

at R; (D9) there is two-stop shopping with i € Zg; (D3) there is one-stop shopping; (Ds)

14



there is two-stop shopping with ¢ € Z; (Ds) no consumer buys good i at R:

D, = [0, —t+ pir + Sri

Dy = |=t+pir+5sri, —t+pir + 5L+ Sril

D3 = [~t+pir + 5L+ Spi, t+Ppir — SLi — SRil
Dy = Jt+pir — 55— Sri» t+pir — 8Ll

Ds = [t+piL —sLi, +oof,

where s7;, = ZjeIL\{i} (pjr — pjr) and sg; = ZjeIR\{i} (pjz — pjr). The partition above
is valid as long as sp; + sg; < t, which implies that there may be one-stop shopping or

two-stop shopping depending on the value of p;r. Otherwise, D3 becomes empty and the

transition between Dy and Dy occurs at p;r = pir..

Accordingly, the demand for good iR, as a function of p;g, is:

17 Dir € Dl
%Zjel’R (piL — Pjr) Pir € Do
Gir =1 3+ 5P — 5Pr pir € D3 - (7)

L- % ZjeZL (pjr — pjL)s DPir € Dy
0, pir € Ds

The demand is linear in each branch. Its derivative is initially zero (in D), then it is —%

(in D,), changes to —5; (in Ds), becomes —1 again (in D) and, finally, vanishes (in Ds).
Accordingly, the profit function is concave in each branch. It starts at zero (for p;r = 0)

and ends at zero (for p;gr € Ds).

If D3 is not empty (sz; + sg; < t), the demand and the profit are globally continuous.

Otherwise (sg; + Sg; > t), they jump downwards at the transition between Dy and Dy.

In this subsection, we will not provide a complete characterization of the price-setting
behavior of the shops at a mall. We only write, for future reference, the profit function in

the relevant branches (Dq, D3 and D) and the corresponding first-order conditions.

In Ds, the profit of the shop is:
1
;g = 7Pir Z (piL — Pjr)

JEIR
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which leads to the following first-order condition:

Dir = Z (ij —PjR) <~ DiR = % Z piL — % Z PjR-

jEIR JEIR JELR\{3}

In D3, the profit of the shop is:

1 PL—-P
ILr = pir <§+%>

The corresponding first-order condition is:
P

T 1 t
piR:PL_PR'Ft@piR:?_ﬁAEAij‘f‘E-
JET\{i}

Finally, in Dy, the profit of the shop is:

Di
g = tR [t - Z (pjr —ij)] ;

JELL

and the first-order condition is given by:

t 1 1
piR:t_Z(ij_ij) < piR:§+§ijL_§ Z PjR-

JETIL JETIL JELL\ {4}

3 Competitive scenarios

In this section, we study the following competitive scenarios:
— a department store at x = 0 and a shopping mall at x = 1;
— two department stores, one at x = 0 and another at x = 1;

— two shopping malls, one at x = 0 and another at z = 1.
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3.1 Competition between a department store and a shopping

mall

We start by considering the case in which there is a department store located at x = 0 and
a shopping mall located at x = 1. The department store chooses the prices of the n goods
with the objective of maximizing its total profit (> I,z ), while each of the shops at the

mall seeks to maximize its individual profit (I;g).

3.1.1 Equilibria with one-stop shopping

In an equilibrium with one-stop shopping, the first-order conditions for profit-maximization

by the shops at the mall (9) imply that:

n
+1

piR:PL—PR+t:>PR:npiR:nPL—nPR+nt:>PR: (PL—i—t) (11)
n

Combining this condition with the first-order condition for profit-maximization by the

department store (1), we obtain the candidate equilibrium prices (see Figure 2):

_ P t _ 2n41
Pp=5t+3 L) =t _ (12)
Pp = (P + 1) Prp =25t with pir= 35t Vi€l
L R
: | |
0 2n+1 1

2n+4

Figure 2: Candidate equilibrium with one-stop shopping.

By Lemmas 1 and 3, we know that the department store prefers to deviate and set prices

that induce two-stop shopping if and only if:

3(n —2)
iR — in>t & ——t >t & > 4.
E Pir E Dir nt2 n
€Ly, ’LEIR

This means that the above situation (12) can only be an equilibrium for n < 4.
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To better understand why the equilibrium with one-stop shopping requires that n <
4, see the comparison (for n = 5) between the equilibrium candidate and the profit-

maximizing deviation by the department store in Figure 3.

L L 1 R ]
11 11 15
== - Pr ==
Pr==t 14 r= ot
121
M, = —¢
L™ 98
L L L LR L R ]
4
6 5 6 15
P S 2 e Pn = —t
;pL 7 DPsL 7 7 R 7
— 6t+5 5, 122
L= 7" "7 7" o8

Figure 3: Comparison between the candidate one-stop shopping equilibrium (top)
and the optimal deviation by the department store (bottom) when n = 5.

To avoid that the shops at the mall deviate to a situation with two-stop shopping, we

need to impose the following condition on the individual prices at the department store:!?

n

>

=1

biL —

3 . §n+6\/§—7t<t
n -+ 2 n—+ 2

Proposition 2. In the case of competition between a department store and a shopping

mall, there is an equilibrium with one-stop shopping if and only if n < 4. It is such that:

(1) It is cheaper to buy the n goods at the department store than at the shopping mall:

n+2 nt2 n+2
Pp=Y " pir =25t with pr= 5t Viel

P = Z?zl DiL = Indly  with Z?:l ‘piL _ it‘ < nt6v2-T; ¢

12This is shown in the proof of Proposition 2. See the Appendix.
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(2) The demand is greater at the department store:

o 2n+41
GiL = 3p34
= 3
%R = 3511

(3) The department store earns more profits than the shops at the mall taken together:

n n 2
= Zi:l L, = %t

Hp =30 Ilin = 2(n9f2)2t

Proof. See the Appendix. n

The department store does not care about how much to charge for each individual good
because all its customers buy the entire bundle of goods. What matters for the department

store is the price of the bundle.?

The department store charges a lower price for the bundle of n goods because, when
compared with the shops at the mall, it has an additional incentive to set low prices. By
decreasing the price of one good (for example, the price of books), the department store
increases the demand for all the goods that are sold there (books, groceries, etc.). At the
shopping mall, the bookshop, when choosing the price to set for books, only takes into
account the effect on its own demand, ignoring the effect of the price of books on the

demand for groceries and for the remaining goods.

As a result of setting lower prices, the department store captures more than half of the
market. It does not capture the whole market because the customers that are closer to the
shopping mall weight the price advantage of the department store against the proximity
advantage of the shopping mall. In equilibrium, the shopping mall retains the consumers

that are sufficiently close.

Comparing the joint profit at each extreme of the city, we find that the department

store earns more than the shops at the mall taken together.

13The indeterminacy of individual prices at the department store does not extend to the demand.
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3.1.2 Equilibria with two-stop shopping

In an equilibrium with two-stop shopping, the department store must be selling n — 1
goods at a lower price than the shopping mall and a single good at a higher price than the

shopping mall (see Lemma 3).

Adding the first-order conditions for the profit-maximization by the n — 1 shops at the

mall that sell goods in Zj,, given by (10), we obtain the following reaction function:

d pr=m-Dt=n—-1)Y (pr—pi) & Y pin= n;l <t+ZPiL>-

i€Ly, i€l i€ly,

Combining it with the first-order condition for profit-maximization by the department store

(3), we obtain:

ZieIL Dir = 27;:12157 with p;r = %_Ht,Vi eI

_ n—1
ZieIL bir = n+1t

For the single shop at the mall that sells a good ¢ € Zg, the first-order condition for
profit-maximization is (8):
o = PiL
iR 9 .
While the corresponding first-order condition for profit-maximization by the department

store is (4):

Pir

pir =

[\
N | o+

Combining the two conditions, we obtain:

t q 2t
Pir 3 bir 3

In spite of charging a higher price, the department store has a greater demand because

many of its customers do not find it profitable to make two-stop shopping:

1 d 2
i = — an i = —.
dir 3 4L 3
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The candidate equilibrium with two-stop shopping is represented in Figure 4.

L LR R

n—1 m—>5
R = t
n+1 3n+3

_5n—1t
- 3n+3

L

Wl N 4

Figure 4: Candidate equilibrium with two-stop shopping.

The department store is only interested in setting prices that induce two-stop shopping if
condition (5) is satisfied. Substituting the expressions for the candidate equilibrium prices

at = 1, this condition becomes:

2n — 2 t
t—=>t & n>>h.
n+1 3

We must also verify that the shop at the mall that is setting the low price does not deviate
to a price that induces one-stop shopping. From, the first-order condition (9), we find the

following candidate deviation (which induces one-stop shopping for n < 8):

Pir =5 2,61\{}ij 2" 2m+1) '3 n+l 2 3m+l)
j 7

The corresponding profit is:

o (n+4)
HiRZPiR(l—ﬂﬁ):m-

It is higher than the equilibrium profit when:

(n+4)? 1 9 5
T S s 4 4)?>2n+1)? o n<6.243.
B gl ¢ FY>2m+1)" e mn

The profit function of this shop (with all the other prices at their candidate equilibrium

levels), for n = 6 and n = 7, is shown in Figure 5.

Finally, we need to verify that the shops at the mall that are setting higher prices than
the department store do not deviate to a price that induces one-stop shopping. In the

Appendix we show that they deviate from the candidate equilibrium when n > 12.
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s Dy Py D, Dy D, Pg

(n=T)

Figure 5: Profit function of the shop that sells the cheap good at the mall, given that the other
stores are charging the prices of the candidate equilibrium with two-stop shopping.

(n=6)

As illustrated in Figure 6, for n > 12 it is preferable for these shops to decrease prices

with the objective of capturing the customers that make two-stop shopping.

0
D2 D4 D5 piR D D

2 4 Dy Pir
(n=10) (n=12)

Figure 6: Profit function of a shop that sells an expensive good at the mall, given that the
other stores are charging the prices of the candidate equilibrium with two-stop shopping.

Proposition 3. In the case of competition between a department store and a shopping

mall, there is an equilibrium with two-stop shopping if and only if 7 < n < 11. It is such
that:

(1) It is cheaper to buy n — 1 of the n goods at the department store than at the shopping
mall: #Z;, =n —1 and #ZIr = 1.
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(2) The prices of the goods that are cheaper at the department store, i € Iy, are such that:

Sier, i = 23t with py < 25t.Vie T,
L n+1 (n+1)

2(n—1 , .
ZiEIL Dir = %t, with  pigr = niﬂt,‘v’z el

9

and the corresponding demands are:

n—1 d 2
an iR — .
+1 @ik n+1

i =

(3) The prices of the only good that is cheaper at the shopping mall, i € Ig, are:
2t d 1t
A = - an i = — 3
biL 3 Pir 3

and the demands are:

2 p 1
4iL 3 4ir 3

(4) The department store earns more profits than the shops at the mall taken together:

n—1)2

M = Gt + §

Curiously, independently of the number of goods, the consumers that buy all the products

2

at the department store are those located at [0, 2 [ For a consumer located at = € }%, 1}

who visits the department store to buy the goods ¢ € Z;, the extra transportation cost
t

of also visiting the shopping mall is smaller than ;. However, the difference in the price

of good © € Iy is: pir, — pir = % Thus, for all these consumers, it is worthwhile to buy
the good 7 € T at the shopping mall. As the number of goods increases, there are more

consumers willing to make their purchases at both extremes of the city.

Again, as in the equilibria with one-stop shopping, the department store has a higher

profit than all the shops at the mall taken together.

When the number of goods is low (n < 6), the shop that sells the cheap good at the
mall is not capturing (in the candidate equilibrium) much more customers than the shops

that sell the expensive goods (see Figure 4). It prefers to deviate and set a higher price,
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that induces one-stop shopping. As the number of goods increases, to sell a cheap good
becomes more profitable (the difference between Z—: and 2 increases). When the number
of goods is high (n > 12), the shops that sell the expensive goods at the mall prefer to

deviate and set a lower price, to capture the customers that make two-stop shopping.

Since there only exists equilibrium with one-stop shopping when n < 4 and with two-
stop shopping when 7 < n < 11, we conclude that there is no equilibrium (in pure strate-

gies) when the number of goods is 5 <n < 6 or n > 12.

3.2 Competition between two department stores

Now, we consider the case in which there are two department stores, one at each extreme
of the city. Each department store chooses the price to charge for each of the n products,
with the objective of maximizing its profit, taking as given the prices set by the other

department store.

Proposition 4. In the case of competition between two department stores:

(1) The price of the bundle is equal to the transportation cost parameter:

n
Pp=Pp=t, with Y |pi—pirl <t.
i=1

(2) Consumers make all their purchases at the closest department store:

1
4L = 4ir = 5

(3) The resulting profits are also independent of the number of goods:

t
HL:HR:§.

Proof. See the Appendix. O
In equilibrium, the department stores charge the same price for the bundle of n goods (there

is, once more, some indeterminacy regarding the split of the bill between the goods). It is,
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then, obvious that no consumer is willing to travel to both extremes of the city. They all

buy the n goods at the department store that is closer.

What may be surprising is that the margin (difference between price and marginal cost)
with n goods is the same as in the standard Hotelling model, in which a single good is
sold. The reason why the margin is not greater with n goods is related to the fact the
reservation utility of the customer is not relevant for the pricing decisions of the firms (as
long as it is high enough, as is typically assumed). With one-stop shopping, the n goods
are equivalent to a single bundled good. Therefore, even if customers attribute a higher
utility to the n goods than to a single good, the margin remains constant and equal to the

transportation cost parameter.'*

3.3 Competition between two shopping malls

In the case of competition between two shopping malls (one at each extreme of the city), the
shops that sell the same good at different locations are direct competitors. However, their
demand also depends on the prices of the other goods. This interdependence across shops
selling different goods exists because, when deciding where to buy each good, consumers
take into account not only the price but also the transportation costs that they have to
support. A shop benefits from having low prices for the goods sold at the same location
(since this attracts customers to its location); and high prices for the goods sold at the other
location (since this repels customers from the other location). But since this externality has
no influence on the pricing decisions of the shops, the equilibrium of the model replicates

that of the single-product model.

Proposition 5. In the case of competition between two shopping malls:

(1) The price of each good is equal to the transportation cost parameter:
pir =pir=1t, Vi€ L.

(2) Consumers make all their purchases at the closest shopping mall:

14The same occurs in the case of Bertrand competition with homogeneous products. Independently of
the number of products that firms sell, their equilibrium margin is always null.
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¢iL, = Gir = %, Viel.
(3) The profit of each firm is also independent of the number of goods:
IL;, =1Lz = %, Viel.
Proof. See the Appendix. O

The joint profit of the n shops located at each shopping mall is greater than the profits

obtained in any of the alternative scenarios that we have considered.

4 Endogenous modes of retail

Until now, we have assumed that the organization of each shopping center was exoge-
nous. In this section, we analyze whether it is more profitable for a shopping center to be

organized as a department store or as a shopping mall.

More precisely, we consider a two-stage game in which the shopping centers start by
simultaneously deciding their modes of retail (department store or shopping mall) and then
compete in prices. The resulting payoffs are, depending on the chosen mode of retail, the
profits of the department store or the joint profits of the shops at a mall, in the equilibrium

of the corresponding scenario.!®

For n < 4, the profits of the shopping centers in each competitive scenario are shown
in Table 1. We conclude that shopping malls have higher profits than department stores,

regardless of whether they compete against a department store or a shopping mall.

Proposition 6. If n <4, it is a dominant strategy for a shopping center to organize itself

as a shopping mall.

15We do not consider the possibility of some shops merging and others remaining separated. Opening
the possibility of partial mergers can change the outcome of the game, as suggested by the contributions
of Salant, Switzer and Reynolds (1983) and Kamien and Zang (1990).
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Department Store

Shopping Mall

2
Department Store (%t ) %t) (%32 ) 2(n9f2)2 t)
. In (2n+1)2 n n
Shopping Mall (2(n+2)2t ' 2(nt2)? t) ( 2l 3 t)

Table 1: Profits of the competing shopping centers, for n < 4.

For 7 < n < 11, the payoff matrix is given by Table 2. In this case: to compete against

a department store, it is better to be organized as a department store; while to compete

against a shopping mall it is better to be organized as a shopping mall.

Department Store

Shopping Mall

n—1)2 n—
Department Store (%t , %t) (En-&;?t + %t , Z(lq(Hl)lgt + %t)
. 4(n—1) 1 (n—1)2 4 n n
Shopping Mall <(n+1)2t + 3t (n+1)2t + §t> (525 , 525)

Table 2: Profits of the competing shopping centers, for 7 < n < 11.

Proposition 7. If 7 < n < 11, there are two equilibria: competition between two shopping

malls and competition between two department stores.

Of course, the shopping centers would prefer to coordinate on the equilibrium with two

shopping malls. Therefore, we should expect to have shopping malls at both extremes of

the city.

5 Welfare analysis

5.1 Social welfare

In this model, the total demand is perfectly inelastic (each consumer buys one unit of each

good that is available in the market, independently of the prices of the goods). Therefore, a

change in prices only leads to a transfer of surplus between consumers and firms. The total
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surplus remains unaltered. In this context, the maximization of total surplus is equivalent

to the minimization of the total transportation costs incurred by consumers.

It is clear that the total transportation costs are minimized when each consumer shops
at the closest store. This occurs in the case of competition between two department stores
and in the case of competition between two shopping malls. When there is a department
store competing with a shopping mall, the indifferent consumer is no longer located at the
middle of the city. If n < 4, there are more consumers shopping at the department store
than at the shopping mall (Z > %) If 7 <n <11, there are consumers who shop at both
extremes of the city. The total transportation costs are even higher in such a situation.

Thus, the existence of different modes of retail diminishes the total surplus.

5.2 Consumers’ surplus

Let CSpp, CSyar and CSpys denote the consumers’ surplus in each of the three scenar-
ios: (DD) competition between two department stores; (MM) competition between two

shopping malls; and (DM) competition between a department store and a shopping mall.

When the mode of retail is the same in both extremes of the city, the price of the bundle
of goods is the same at both shopping centers. As a result, the indifferent consumer is

located at the middle of the city and the total transportation cost is minimized. We have:

T 1
CSDpziz(V—t)+:E(V—t)—t/ xd:c—t/ (1—x) dx:v_gt;
0 T

T 1
C’SMM:f(V—nt)+f(V—nt)—t/xdx—t/ (1—2x) de =V — t,
0 &

where V = 3%". Vi

When a department store competes with a shopping mall and the number of goods is

less than or equal to 4 (equilibrium with one-stop shopping), the consumers’ surplus is:

T 1
CSDM = / (V—PL—tJT) dZL’—F/[V—PR—t(l—JJ)] dx
0 z

10n%2 4+28n 417

= VT roy
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When 7 < n < 11 (equilibrium with two-stop shopping), it is given by:

Tr TR 1
CSDM = / (V—PL—th‘) dCL’—l—/ (V—PLR—t) d!E+/ [V—PR—t(l—l‘)] dx
0 zr, IR

19n? + 20n — 17

=V
9(n+1)2

From the point of view of consumers, competition between department stores is the most
favorable scenario. Prices are lower than in the other scenarios, and transportation costs
are minimized. It is not so straightforward to compare the case of competition between
two shopping malls (lower transportation costs) with the case of competition between
a shopping mall and a department store (lower prices). We find that the price effect
dominates. Consumers prefer competition between a shopping mall and a department

store rather than competition between two shopping malls.

Proposition 8. Comparing the consumer’ surplus in the three competitive scenarios, for

2<n<4and for 7T<n <11, we obtain:

CSDD > CSDM > CSMM

It is somewhat surprising that the lower the number of independent stores in the market,
the higher the consumers’ surplus. This result contradicts the typical intuition, according
to which as the number of firms in the market increases, competition becomes stronger,
leading to lower prices. This is not the case, since the price for the bundle of goods is

cheaper when there are only two department stores.

6 Conclusions

We have developed a multi-product version of the model of Hotelling (1929) to study
competition between shopping centers that can be organized as department stores or as
shopping malls. In particular, we analyzed how the modes of retail affect prices, market

shares and profits, and which retail structures are more likely to emerge endogenously.
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Comparing the competitive behavior of a department store with that of a shopping mall,
we found (as in previous works) that the department store competes more aggressively. This
occurs because a department store, when choosing prices, takes into account that a price
drop in one good increases the demand for all its goods. In contrast, a shop at a mall only

takes into account its individual demand when choosing the price to charge for its good.

When a department store competes with a shopping mall, the bundle of goods is cheaper
at the department store than at the shopping mall. Nevertheless, the demand-effect more
than compensates the price-effect and the department store obtains higher profits than the
shops at the mall taken together. In spite of having higher profits, the department store
has incentives to separate itself into a shopping mall. If the shops at each extreme decide
whether to organize themselves as a shopping mall or as a department store, the competitive

scenario that is expected to emerge is competition between two shopping malls.'6

The most distinctive feature of our work, with respect to the existing literature, is that
we do not restrict consumers to make all their purchases in a single place. Still, we found
that when the mode of retail is the same in the two shopping centers, no consumer finds
it worthwhile to visit both places (“one-stop shopping” holds in equilibrium). However, if
there is one department store competing with one shopping mall, there may be consumers
traveling to both extremes of the city to buy each product where it is cheaper (this occurs

if the number of goods for sale is between seven and eleven).

To understand why the “one-stop shopping” assumption may be too strong, suppose
that there are nine different goods for sale at a shopping mall, each and every one at a
price equal to 1. With the transportation cost being equal to 5, the best response of a
department store would be to price the bundle at P, = 7. With “one-stop shopping”, the
department store would have a demand equal to 0.7 and a profit of 4.9. But the department
store can also induce “two-stop shopping”, by charging a price of 3 for one of the goods
and a price of 4 for the bundle of the remaining eight goods. The demand for the expensive
good would decrease to 0.6, but the demand for the other goods would increase to 0.8. As

a result, the profit would increase to 5.

The marketing strategy that we find to be most profitable in the presence of two-stop

16This is actually the competitive scenario that consumers desire the least. Having two shopping malls
or two department stores is equally optimal in terms of total surplus. However, consumers are better off
in the case of competition between two department stores (since prices are lower).
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shopping is to set a high price for a single good and low prices for the remaining goods.
Instead of the well-known loss leader strategy (a single product sold at a low price to attract
customers to the store), we find that it is optimal to follow a pricing strategy that is, in
some sense, opposite: to sell a single product at a high price to profit from the customers

that have visited the store.

If the number of goods is five, six or higher than eleven, there is no equilibrium in
pure strategies for the case of competition between a department store and a shopping
mall. Therefore, a possible extension of this work is to allow for mixed strategies in the
price competition stage. This could be compatible with having informed consumers. The
shops would set prices simultaneously and irreversibly, and then consumers would observe
the prices and decide their purchases. An alternative would be to consider uninformed
consumers. They would have to travel to a shopping center to observe the prices that were
actually set, and then decide whether to travel also to the other shopping center or not.

We leave this extension for future work.

7 Appendix

Proof of Lemma 3.

Inspection of the profit function (2) shows that I1; depends positively on the price of the
bundle 7y, at the right extreme (}_;.;, pir) with coefficient %ZZEIL pir, and on the price
of the bundle Zy at the right extreme (ZieIR pir) With coefficient %ZZEIR DiL-

From condition (6), the latter coefficient is lower than the former whenever two-stop

shopping is preferred.

Observe that the choice of Z; and Zxr only impacts the attainable profit through the
distribution of Pr between ZiGIL pir and ZiEZR DiR-

Thus, it is in the interest of the department store to choose the bundle Zx that minimizes
> ier, Pir (and the bundle 7y, that maximizes ), ; p;r). This is achieved when T only
contains the good that is the cheapest at R.

31



The set Zr can only contain more goods if these have null price at R. U

Proof of Proposition 2.

To finish the proof, we must verify that p;r = niﬁt maximizes the profit of the shop at
the mall that sells good iR. So far, we only know that it is a maximum in Ds, as long as

Yoy i — ni”ﬂ < t (which implies that it is inside the domain).

With P, = 27;:"2125 and pjr = ni”t, Vj # i, the profit function has a local maximum in
Ds, attained at pip = ni”t. The derivative of the demand with respect to price is —% in

D3 and —% in Dy. Therefore, if a marginal price increase is not profitable, it is also not
profitable to make a greater price increase to D4, where the demand is more price-sensitive.

The maximum is either pjp = niﬁt or attained in Ds.

In D5, the demand for good iR is ¢;gr = % (sri + pir — pir) and the corresponding profit
is ILr = % (Sripir + pirpir — P?g)- The first-order condition is satisfied at pif = o Bl
implying that:

(Spi + PiL)Q

ir (pir) = pm

We are sure that pip = %Ht is a global maximizer if:

(sri +pir)” 9 V18
I, ) < 1, ¥ = < t & i i < ——t.
R(sz) = R(sz) At = 2(n+2)2 SR +pL = nt2

k%

Otherwise, the alternative maximizer, pj; = 5 + B, upsets our equilibrium if it belongs

to the domain, Dy. This is occurs if:

512;» + p;L S —t+pip + 55 + Sk (13)
24 BL > —t 4+ piL + Sk
In (the candidate) equilibrium, we have Pp — P, = Z—jr;t. As a result:
3 n—1 n—4
Z (pjr —pjrL) + ——=t —pir = ——=t & sy, = ——t+ Spi + pir. (14)

n-+ 2 n-+ 2 n -+ 2

jel\{i}
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Substituting (14) in (13), we find that p}}; is in the domain Dy when:

4
i iL € —t,2t .
SRi T PiL {n—l—Q 1

We surely have sg; + pir, < 2t, because:

n 6
S <t & t+spi+pir <t <& Spgi i < ———t.
Li < I Ri + DiL Ri + DiL S

Then, if sg; + pir, > n—\/gt, we have p5 in Dy and it upsets our candidate equilibrium, pp.

As a result, our candidate is an equilibrium if and only if, Vi € Z:

18 n+4+18 -4
i i, < ——t & s < ————t.
SRi t PiL n+2 5L n -+ 2

If Zx is non-empty, the conditions that bind are those for i € Zr (because sy, is maximal),

which can be written as:

n+ \/ 4
Z |sz sz| .

’LEIL

If Zy is empty, then all the above conditions are surely satisfied because, in this case:

n—1 n++v18 —4
Z'piR_piL| :Z(piR_pz‘L) =Pr—PL= < t.

i€Ly, i€l n+2 n+2

To obtain a more elegant condition, notice that (in the candidate equilibrium):

n—1
Pr—Pir—PL,+Pip=——t & Z|piL_piR| Z|sz pir| —

" + 2 1€1R €Ly,
& > |pie —pirl =2 Ipin — pirl —
€L €Ly,

Therefore, the equilibrium condition can be written as:

2 18 — 4 — _
Z|piL_piR|< (n+\/_8 )t_n 1t_n+6\/§ 7t~

p n -+ 2 n -+ 2 n -+ 2
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Proof of Proposition 3.

To finish the proof, we need to check that the shops at the mall that are selling goods at a
higher price than the department store do not wish to deviate as long as 7 < n < 11. The
candidate equilibrium maximizes their profits in the domain Dy, but we must guarantee

that the shops do not prefer to choose prices in D (if it exists) or in Ds.

It is convenient to start with some preliminary calculations. In the candidate equilib-

rium, for the shop that sells good i € Zj,, we have:

n—3
SLi = Z (pjr — pjr) = ——t + pir;

1
JEToMi} n
t
SRi = Z (pjr — Pir) = 3
JE€IR\{i}

We know that D3 is empty if and only if:

+ >t<:>n_3t+ +t>t<:> > 1-n,
SLi + SR — i T 5 iL > STt
L R nal Dir 3 Dir 3(n+1)

For n > 12, the domain Dj is surely empty (for n = 11 it is either empty or a singleton).

Let us start by considering the case in which D3 is empty and study whether a deviation

to Dy is profitable. From (8), the interior maximizer in Ds is:

e  Din 1
o - 15

This alternative only belongs to Dy if pjj; < p;r. Equivalently, if:

pir, t t
= < PiL. < Dir, > —. 16
9 +6 biL biL 3 ( )

But since p;1, < niﬂt, condition (16) cannot hold for n > 7. This means that the optimal

choice in Dy is at the frontier: p;r = p;; (infinitesimally close, but lower than p;z). The
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resulting profit is II;z = P=. We conclude that the shop gains with this deviation if:

pir 4 t o > 2,
3 7 (nr1)y? Pie =Gt

It is straightforward to confirm that p;;, > ot )275 implies that p;;, > 1(1 ”)t which was a

prerequisite (for D3 to be empty).

Notice that if p;, %)Zt,w € 1, then:

<&

S n L2y, on-l Be-D g
it = (n+1)2 n+1l = (n+1)? -

For n > 12, the candidate is not an equilibrium because at least one of the shops deviates.

Now suppose that D3 is not empty. We must have p;;, < 3%1 It and pir < - t The
first condition can only hold for n < 11, while the second is 1mphed by the ﬁrst. In this

case, we must consider deviations to D3 and also to Ds.

The interior maximum in Ds, given by (15), is again outside the domain because:

pir, |t
ip < ————t = — + <> —t+pir+ S5+ Sk

bir > 3(n + 1) 92 6 biL Li Ri

The candidate deviation is, therefore, at the frontier. But if it is profitable to increase

the price until the frontier of Dy it is surely profitable to keep increasing the price after

entering D3 because the price-sensitivity of demand is lower in Dj3. It is enough to consider

deviations in Ds.

From (9), the candidate deviation is:

n+13
Py (n+1)

This deviation is outside D3, because:

n+13t<t+ - n+13t< 11—nt<:> <3
Y2 0L — SLi — SRi = n = o,
G6(n+ 1) — PR TR Y = B 1)

which is false.
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Therefore, the maximum in Djs is at the frontier with D4. Global continuity of the profit
function (satisfied as long as Dj is not empty) and concavity in D, implies that the local

maximum at Dy is actually the global maximum. 0

Proof of Proposition 4.
We start by showing that an equilibrium with two-stop shopping is not possible.

With n = 2, one of the goods must be cheaper at x = 0 and the other must be cheaper
at x = 1. Combining the first-order conditions, (3) and (4), we obtain, for i € Z:

~

3
=y

I
ol

t~
_|_
DO+
S
=y

I
win Wik
~

For j € Zg, we obtain p;;, = %t and pjp = %t. This is an equilibrium, but no consumer

gains by shopping at both extremes (only the consumer in the middle, x = %, is indifferent

o
between one-stop shopping and two-stop shopping).

For n > 2, since both department stores wish to have a single good that is more
expensive than at the other extreme, the only possibility is that prices are symmetric for
all the goods except two. Being symmetric, they must be null, otherwise the department
stores would gain by undercutting each other. Lemma 3 confirms that there can only exist
two goods with strictly positive prices (one at each extreme). But this means that the
department store at x = 0 is offering the goods in Z;, for free and, therefore, would prefer

to deviate and induce one-stop shopping.

With one-stop shopping, the first-order conditions for the profit-maximization problems

of the department stores imply that:

PR t PL t
Po="21 and Pp=-L4-
L= Ty ad Fr=oto
yielding;:
P, =Pr=1t.

It is straightforward to verify that they do not have incentives to deviate (5).

The equilibrium demand and profits follow immediately. 0
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Lemma 4. When there are two shopping malls in the city, no consumer shops at both

extremes of the city (in equilibrium).

Proof of Lemma 4.

By way of contradiction, suppose that the vector of prices that maximize the profits of the

shops is such that p € Py. More precisely, that 0 < 7, < T < g < 1.

(i) There cannot be any ¢ € Z for which p;;, = p;r > 0. If that was the case, the shop selling
good iL could infinitesimally reduce its price and conquer all consumers at x € [T, Zg].

The shop selling good iR would have the same incentive to decrease its price.

It cannot also be the case that p;;, = p;r = 0 for some ¢ € Z. In such a situation, both
shops would obtain a null profit. However, the shop selling good i at x = 0, could choose
pir, > 0 and profit Il;;, = p;.z; > 0. The same argument applies to the shop selling good
1R.

(ii) Since p;; # pir , Vi € Z, we have Z;, UZg = Z. Thus, if the cardinality of Z; is k, the

cardinality of Zp is n — k.

The profit function of the shop that sells the good L is:

pir, Tr, 1 €1y
HiL - 5 7 . )
pir Tr, 1€ 1R

while the profit function of the shop selling the good ¢ R is:

pir(l— Zr), €I

ILr = -
pir(1— 1), i €1

If © € Zp, the first-order conditions are:

oy _
opr =V pir = Pr — PLr I
?92;1::0 pir=t— Pr+ Prr

37



The expressions above imply that Vi, j € Zr: p;r, = pjr and p;r = pjr. Moreover:

k

bir Z(ij pir) ( pir) bir 2% 11
JELL
and
_k—i—lt
Pir = o 1"
Analogously, if ¢ € Zg, then:
n—k+1 n—=k
=——""¢ and pp=-— "
= ok 1 M PR o ok

The expressions for the marginal consumers, z; and Zg, follow immediately:

n—=k+1 and 7 k
= - n €T == .
om—2%k+1 B ok 11

XL

It is straightforward to see that z; > Tr. Contradiction.

Proof of Proposition 5.

By Lemma 4 (in this Appendix), there is no equilibrium with prices in Py. Therefore, we

must seek prices satisfying the condition > | |pir, — pir| < t.

As obtained in (11), the first-order conditions of the n shops at the malls imply that:

" (t+Py) and Pp=—

P =
L n+1 n+1

(t+ Ppr).

Therefore:

PL:PR:nt.

Using (9), we obtain the individual prices:

pir, = Pip = t,Vi € I.

To complete the proof, we must verify that these local maxima are global maxima. We
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need to check if each shop chooses the price ¢, when the remainders charge ¢ for their

products. Without loss of generality, we consider the shop that sells good iR.

Substituting p,;, = pjr = t,Vj # i and p;;, =t in the demand for good iR, given in (7),

we obtain:
1— pgf, pir € [0, 2]
qir = .
0, pir €)2t, +00|
and
I, — pir (1 —52), pir € [0,2t]

0, pir €)2t, +0o0| ’

The profit function is globally concave and continuous. Therefore, the local maximum is

also the global maximum.

The equilibrium demand and profits follow immediately. (]
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