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Description: Model of Overlapping Generations as presented in chapter 3 of

Blanchard & Fisher’s “Lectures on Macroeconomics’ (1989).

Abstract. The overlapping generations model is introduced. Agents work only
in the first period. In the second period they consume what they saved in the
first period. Steady-state existence and properties are analyzed. The result of the
planned economy is compared to the equilibrium of the decentralized economy.
Further results are obtained by a generalization of the behavior of the agents
that allows altruism, and by the introduction of “fully funded’ or “pay-as-you-

go” social security systems.

A model of perpetual youth is presented as complementary to the two-period
life model. A continuum of generations constitutes the population. Agents face

a constant probability of dying and are allowed to make negative life insurance.

Using both models, as well as the model of Ramsey, fiscal policy is analysed.
Debt finance is compared with deficit finance, and the effect of the interest rates

is investigated. The relation between aggregate saving and interest rates is also



examined in the light of the three models. Finally some illustrative exercises are

proposed and solved.

Keywords: Overlapping generations. Pareto optimality. Golden rule of capital
accumulation. Social security. Model of perpetual youth. Fiscal policy. Ricardian

equivalence. Aggregate saving.

! The model presented here is based on Olivier Blanchard and Stanley Fisher’s “Lectures on

Macroeconomics” (1989, chapter 3, pp. 91-153) and uses similar notation.



1 Introduction

In the 2-period overlapping generations model, agents live for 2 periods, working
only in the first period. They consume part of their income in the first period,

and save the remaining for consumption in the second period.

Two polar kinds of economies are analyzed and compared. First we set-up a
decentralized economy, in which agents seek the maximization of their individ-
ual satisfaction, deciding between consuming in the first period and saving for
consumption in the second period. Then we examine a command (or planned)
economy, where decisions are taken by a benevolent dictator and imposed upon
agents. One of the central features of the OLG model is that competitive equi-
librium (which prevails in the decentralized economy) is not necessarily Pareto-

optimal.

The overlapping generations model is based in the seminal contributions of Allais

(1947), Samuelson (1958) and Diamond (1965).

1.1 Setting Up the Model

We start by presenting the notation to be used:

Agents work only in the first period, receiving the wage wy;

c1; designates consumption of the generation born in ¢ in the first period;

corr1 designates the second period consumption of the same generation;

sy designates the savings of the young generation in period ¢;

w; designates the wages received by the young generation in ¢.



e r; designates the interest rate from ¢t — 1 to t;

The preferences of the agents are described by a utility function that is separable
in time and concave in each period’s consumption. The generation born in ¢ has

the following utility:

o U(t) =u(cy) + (1T19) - u(caryn) , 0<0, (-)>0, d"() <0.

Other assumptions:

Consumption (and income) in the second period is given by:

Corp1 = (1 +7e41) - 855
e Population grows exogenously, according to: Ny = Ny - (1 + n)¥;

e The production function is neoclassical, Y = F(K,N), having constant
returns to scale (can be expressed as y = f(k)) but decreasing returns in

each factor. It is also in accordance with the conditions of Inada;

e Firms seek to maximize profits, taking w; and r; as given.

1.2 Decentralized Equilibrium

Problem of the individuals: constrained maximization of utility.

mazx Uy = u(cyy) + (1T19) - u(eger)

Cie + 8¢ = Wy
s.t.

Cotr1 = (L4 1ri41) - 8¢

Considering s; as the only decision variable:
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max Uy = u(w, — ;) + (Tlrg) ~u((1+7eq1) - 5¢)

= %:0 = u(wt—st)-(—1)—!—@-u'((1—|—7’t+1)-St)-(1—|—7’t+1):O.

Simplifying the first order condition, we obtain:

u'(c1r) _ 1+req
u'(Car41) 1+0

L+ 7

150 ' (eg41) =0 =

u'(c1y) —
Savings clearly vary positively with w;, but its relation with r,,; is ambiguous.
Problem of the firms: profit maximization taking w; and r; as given.

We consider competitive markets, with wages equal to the marginal productivity

of labor, and interest rates equal to the marginal productivity of capital.

o MPL, =w, & 2Ll - AN - f (k) + Ny - Oflk) ) s

ONy AN N,
& flk)+ N, LED Ok — f(ge) g N, 0L AEUN — o

& flke) + Neo f'(ke) - Ky <_N%2) = wy
& fke) = ke f1(ke) = wy.

e MPK, =1, & OF (K¢,Nt) _ 3[1\75[1;&%)} = N, - Of(kt) | Oky _ r, <

0K Okt 0K
PN Nt-f’(kt)-a(gti[évi)ZNt-f’(/ft)-N%-lzﬁﬁ
~ fl(kt) = T%.

Goods market equilibrium: demand equals supply and (equivalently) invest-

ment equals saving.

The equality between net investment and net saving is simple, because all the

capital stock consists of the savings of the young generation:

s(we, reg1)

K, —K,=N,- - K, & &k =
t+1 t t S(wt,TtH) t t+1 1tn



1.3 Dynamics and Steady States

The capital intensity evolves according to:

s[w(ke), r(kis1)] s[f(ke) — ke~ f(Ke), f'(Keg)]

krp1 = .
1+n ”1 l+n

k’t+1 =

This relation between k; and k;1; is called the “saving locus’. To study its

properties, we evaluate the sign of the derivative:

ak’t+1 . Js ) awt 4 Js ) 87",5_;,_1
8kt - 8wt 31@ 87}“ 8kt

(1+n)-

akt ’ ’ " " akt
= (L) g = s [ () = /) = b £/ R+ sy () =5
8521 = s, f(kga] = sw o [k fT(R)] =
N Okiy1 — 8w (ki) - ke - f" (K)

8kt N 14+n— Sr(kt—‘rl) . fll(kt+1) ’

The sign of the numerator is positive, while the sign of the denominator is am-

biguous (if s, is positive, then the denominator is unambiguously positive):

Okipn  —@- @6
Ok - (7)o

Besides the well behaved situation of a single steady state, there may be none or

multiple steady states. See figure 3.1 (Blanchard & Fisher, p. 95).

Local stability of a steady state requires the absolute value of the point derivative
to be smaller than one:

:| (k) K - f1(K)

Thn— s, () POy =

Oky 41
Ok

In the figure this corresponds to a “saving locus’ that crosses the 45 degree line

from above.



1.4 Optimality Properties

Here we consider that a central planner maximizes the present discounted value
of current and future utilities, using a social discount rate. We show that the
market outcome may not be Pareto-optimal. Inefficiency arises when the economy

accumulates more capital than that implied by the golden rule.

Planned Equilibrium with Finite Horizon: maximization of social welfare.

The social welfare function, which the planner wishes to maximize includes the
social discount rate R. For now we assume that the planner only cares about the

utility of the generations born until 7" — 1.

1 T-1
U= 1+6 w(eo) + ;) { 14+ R)t+! ~lu(en) + (1+06) 'U(C2t+1)]}-

In extensive form:

U= ﬁ ~u(ca)+
tarm [u(cio) + ﬁ - u(ca1)]+
e (o) + ity ()]

TR [uew) + ﬁ “u(capr)]+

In each period, total production must be allocated between consumption of the
young generation, consumption of the old generation, and capital accumulation

(savings of the young generation):

Ki+ F(K,Ny) = Kij1 + Ny ey + Ny -cn &
& ki+ flk)=04n) ki +cu+ o &
S cy=ki+ flk) — (1+n) k1 — - co.



Now we substitute this c¢;; in the social welfare function. Notice that ky and k74

are given (restrictions of the planner):

U = 115 - u(c)+
o Wko + £ (ko) — (L) - ky — 5 ) + gy - ulean) ]+
+toge ks + f(k) = (1+n) ke — H% ~e21) + gy - ulex)]+
+ ...+
+ﬁ u(key + fkey) — (1+n) -k — “Cyp1) + ﬁ ~u(ea)|+
+W ulke + flke) — (1 +n) - kg — }r - Cot) + (17}&7?) ~u(egpa)]+
+W ks + flkin) = (L4 n) - ko — 757 - Carn) + (1+9) “u(Carya) ]+
+ ...+
+oagr  wlbr—1 + f(kro1) = (1+n) - kr — 15 - cor—1) + gy - ulcar)].

Differentiating with respect to co; and k; gives us two first order conditions for
the finite horizon planned optimum. The first condition optimally distributes
the consumption between the two generations that are alive in each period. The

second is a condition of inter-temporal optimality:

Cot ﬁ ! (cop) — H%:L. 1J1rn u'(e1y) =0

ky:  —(4n)-u(cy—1)+ 1+R L+ f(ky)] - (er) =0
We reach a characterization of steady states:

*

G il (@) -ty ok () =0

B L PR (e)) = (L4 R) - (1 m) ()

=

1

T (@) = mm o v(ed)

ko 1+ f(k)=1+R)-(1+n)

* . 1
02-

=

The second relation corresponds to the modified golden rule. With small R and

n, that is, with small periods, it is approximately given by f'(k*) = R + n.



A Turnpike Theorem: the golden rule of capital accumulation versus the finite

horizon’s planned solution.

Linearizing the system around the steady state gives us several relations. One
between consumption in the first and the second periods, derived from the first

order condition on cy;:

U,I(Cgt):%'u%ch) =
= U/2+Ug'(C2t—C§):%'U;+U;‘(C1t—5{) =
= u;~(62t—c§):%-u;‘(cu—cﬂ =
1

= =G = mmy a6

! "
= Czt—C’g‘:%-%~(clt—c’{).

1

2

Which results in:

! 11

* Uy U *
Cot — Cy = 7 - 7+ (C1t —C
§= 2% (e — )
i 1"
* _ Uy Uy *
Cot—1 — Co = —# - —r - (C1y—1 — C
2t—1 2 “/1 u/2/ <1t1 1)
! 12
U Y
Czt—C2t71—*/'W‘(Cu—cltfl)
Uy Uy

Linearizing the first order condition on k;, we arrive to a relation between con-

sumption in periods ¢t — 1 and t:

(1+n) - (cr-1) = oig - [L+ (k)] - v/ (c)

10 ) (e — ) = ol - (e — )] =
N clt_l—cf:%ﬂ%—k(eu—cf)]—u—% N

= clt_l—c‘l‘—%-(cu—c}‘): ,

= temaen (en =)+ B~ =

= (eun =€) = (en =) = PG (e — i+ ) =

= (C1p—1 — C1t) = %},’C*) (e — e + %) =

Now let’s recover and linearize the constraints on capital accumulation in ¢ — 1

and t:



cre—1 = ki1 + f(kir) = (L +n) -k — HLn " Co—1
et = ke + f(ke) = (1+n) - kerr — 15, - o

= R L R R
— e = — 1 - [k + FOR)) + Resr — e - o

With further manipulation, it is possible to arrive at a second-order difference

equation in (k — k*):
(ko1 — k") — 2+ R+a)- (ke —k*)+ (1 +R) - (kg — k*) = 0.

Where: a =

<1+n>~<1+f’)~u’1’} {1 t Wy (] } 2 0.
The characteristic equation associated with the difference equation is:

Glx)=2>-2+R+a)-z+(1+R)=0
- (2+R+a)£y/(2+R+a)2—4-(1+R)
— - ,

Is is easy to see that the argument of the square root is positive:

(2+R)?*=44+4R+R*>4-(1+R)= 2+ R+a)*—4>(1+R)>0.

Therefore, the characteristic equation has two real roots. Since the roots lie where

the sign of G(z) changes, r is between 0 and 1, and 7, is greater than 1:
GO0)=1+R>0; G1)=1-2—R—-—a+14+R=-a<0; G(x)>0.
With two real roots, the solutions of the difference equation are given by:
= (ke — k*) = pa - 2l + po - ab.

The initial and terminal conditions are:

xo = (ko — k*) = p1 - o) + po - 9 = pi1 + pao

trp1 = (kror — k) = po- o] T+ pg o an
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With T+ 1 large, #1 ™' gets close to 1 and 23 ™' becomes very large. So, i must

be close to ky — k*, and us must be close to zero.

With T' 4 1 large, figure 3.3 shows the path of capital accumulation. Capital is
close to the steady state value for most of the time. This is the turnpike property:
the best way to go from any ko to any kr is to stay close to k* for a long time.
So, even in a finite horizon program, the modified golden rule is very significant.

The infinite horizon problem is the limit case when T' tends to infinity.

The Special Significance of the Golden Rule:

The planned economy converges to a steady state where:
1+ (k) =(14+R) - (1+n).

We now wonder if a certain steady state (different, in general, from the planned
optimum) is at least a Pareto optimum. Defining ¢; = ¢y, + 14, and recovering

the accumulation equation:

kt+f(kt):(1+n)'kt+1+clt+ﬁ'02t -

— kt+f(kt)=(1+n)-kt+1+ct —

— f(k")—n-k*=c = 25 =f(k)—n
k*=ker= f'(k")=n= 22 =0

= | k" <ker= f'(K)>n= 52 >0

k* > kap = f'(k") <n= 232 <0

This is what is meant by the “special significance of the golden rule”: if the steady
state capital exceeds the golden rule level, a decrease in the capital stock increases
steady state consumption. This happens because the capital stock became so
large that its productivity is insufficient to supply the resources that are necessary
to maintain capital intensity. Obviously, steady states with capital above the

golden rule level are not Pareto optima. Everyone can be made better off through

11



a marginal decrease in the stock of capital. We call these economies that have

excessive capital accumulation “dynamically inefficient” .

The Market Economy and Altruism:

Now let’s assume that each generation cares about the utility of the next gen-
eration. Since the generation t + 1 cares about generation t + 2, generation t
also cares about generation t + 2. By the same reasoning we find that the inter-
generational links imply that generation ¢ cares about all future generations. The
utility function becomes similar to the objective function of the planner:

Vi= i {1 ~[ucriys) + ; : U(Czt+1+z‘)]}-

= L+ R) (146)
Receiving the bequest b; in the first period, the budget constraint of generation

t becomes:

Clt+$t:wt+bt

Co1 +(14+n) by = (1 +141) - 5

Competition in factor markets, and equilibrium in the goods market still implies

that:

Wy = f(kt> — Ky - f/(kt)
Ty = f/(k?t)

kt+f(kt):(1+n>'kt+1+clt—|—ﬁ.62t

Each generation allocates its income between consumption (in the first and second
periods), and bequests. The corrected marginal utility of consumption in the first

and the second periods must be equal:

u/(Cu) = Hl_:tgl 'ul(C2t+1).

And, if bequests are positive, equal to the marginal utility of the bequest:

Tlre S(1+n)-w(cas) 2 p%R ' (crp1) b1 =0

- (L) - (can) = g - v (1) b >0

12



In steady state:

() = 5 ul(e3)
e (L P () 2 () b =0 =

i (L F(R) - w'(es) = w/(¢f) b7 >0

I+ <(1+n)-(1+R) , andb=0
l+r*=(1+n)-(1+R) , andb>0

—

Assuming positive bequests, these conditions are identical to the planned opti-
mum, which is an important result. In this case, the interest rate is equal to the
modified golden rule. Bequests prevent the interest rate from being higher than

the modified golden rule. So, the capital stock cannot be too low.

Suppose that bequests were prohibited. If the no-bequest equilibrium interest rate
is lower than the modified golden rule, the prohibition is irrelevant. Allowing
for bequests would not change the situation of “dynamic inefficiency’. If it
is higher, then allowing for bequests would lead to a decrease in interest rates
to the modified golden rule and to positive bequests in equilibrium. It is not
the finiteness of lives that causes inefficient equilibria, but the absence of future
generations’ utility from the utility of the present generations. When parents
incorporate their children’s utility in their own preferences to an extent that is
sufficient to induce bequests, the equilibrium becomes efficient (steady state is at

the modified golden rule).

Two-Sided Altruism:

Now we allow gifts in both directions, from parents to children and from children
to parents. Does this ensure that equilibria are Pareto optimal? We will see that

it doesn’t.

Designate by W; the direct utility of generation ¢:

Wt = U(Clt) + ﬁ . U(Cgt+1).

13



With two-sided altruism, the utility of a generation is both affected by the utility

of the next and the previous generations:

V Wt + (1+R) ‘/t+1 + ‘/tfl'

H‘SO)

Kimball (1987) analyzed the possibility of expressing total utility as:
Vi= Z (’Yz‘ : Wt+i)~
We impose three requirements: all ~; positive; ; converging to zero as i tends to

infinity; and with ~; as a geometric series for all positive . The meaning of the

last requirement is simply that the family behavior is time-consistent.

To calculate the effect of an increase in W, in V;, we must take account of an
“hall of mirrors” effect. People care for their children, and care for their parents

who also care for their grandchildren, and so on.

Thus, besides the direct effect (one-to-one), an increase in W; also increases V; 4

and V;_1, and, consequently, increases V; (the two effects together have a factor

of m). This new increase has a similar effect, further increasing V; (now
with a factor of m). The triangle of Pascal can throw light on the global

effect.

Expressing total utility as a weighted sum of direct utilities:

Z (i W) = Wi+ 5 - Z (i * Wigig1) + ﬁ . Z (i * Wipica) =
= Z i W) = Wit 15 - Z (Yie1 - W) + ﬁ : Z (Yig1 - Wews) =
vy v Vi1

=% = +
Wy "T1+R 1tg
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= V—i—-1 V—it+1
1+ R 14y
V-2 Yo
1= +
TTIER T 14
V-1 1
=1+ +
AR 1+R 1+
__To 4 Y2
TTIYR T4
Yi—1 Yi+1
=1
NPT R T

Since the ~; are a geometric series, and we allow for different ratios for negative

and positive gaps (A > 1 and pu < 1, respectively):

_ 1 A
1= (1+R)-x + 1+¢
_ 1 A
1= (A+R)X + I+o

_ 1
1_7+(1+R))\+1+<p

_ I
L= trm + 5

_ 1 7
L= R T 1

These conditions resume to three:

(1+R) 2T 1+90

_ 1
1_~T+(1+R) +1ﬁtp

= (1+R) + 14l:<p

1+<p )\2 )\—l—H—R:O

HeA
= )‘_1+R+ +1+g0 =

el —pt+ =0

1+, /1—— 4
\/ (1+¢)-(1+R)
A=

2

m
_ 2y
= A= 1+R + ot irs
14y /1=ty m

u= 2

T+
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To simplify these expressions, we define A = \/ 1— Of course that the

(1+e) (1+R)
existence of finite positive weights y; demands a non-negative A. Resolution of

the system gives us the ;.

The first restriction implies that altruism declines with distance, and the sec-

ond implies that A is positive, and, consequently, the existence of finite positive

weights:
1+eo + 1+R <1
1 1 1
I+o 1+ <1

With g; representing gifts from the young to the old generation in period ¢, the

budget constraint of generation ¢t becomes:

cit =we + by — g — st

Corp1 = (L4 7e41) st = (L+ 1) b + (1 + 1) - g

At time ¢, the objective of the individual (generation) is to maximize:

w1
u(cre41)

T - ulea) + o - [ulerr) + ﬁ ~u(cary1)] +

This implies the following first order conditions in s;, g; and b;1:

u'(ey) = lﬁt;l - (Cor41)
W (cy) > B el % u'(ey) , with equality if g, > 0
1+9 w(copr1) > B -/ (c1eq1) , with equality if by > 0

Steady state then implies:

Uill — 14+7r*

ul 146

I

Uy oy 10—
uby 2 po  1+6

u’ 1

1 to | 14n

uby S pn1 o 1+6

#0 L]+ r* <(1+n)-% =

= %§1+r*§1+7" A>1 <1
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These results are an extension to the ones obtained with one-sided altruism.
The second inequality tells us that the interest rate cannot be too high: if it
were, bequests and further capital accumulation would take place to restore the
equality. The first inequality tells us that it cannot be too low (gifts would take
place and restore equality). If the interest rate of the original economy satisfies
both strict inequalities, neither gifts nor bequests take place (if these possibilities
are introduced). The interval in which this happens includes the golden rule
interest rate, r = n. So, the inclusion of two-sided altruism does not ensure

Pareto optimality in the overlapping generations model.
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2 Social Security and Capital Accumulation

The introduction of a social security system alters, in general, the path of income
received by individuals, having an effect on savings and, thus, on capital accu-
mulation. In this section, we seek to characterize the impact on the economy of

two types of social security systems.

We will study the impact of a “fully funded’ social security system and of a “pay
as you go” system. In the “fully funded’ system, contributions are returned with
interest to the same generation in the next period. The “pay as you go” system
transfers the contributions of the young directly to the old. In simple terms, the
first system consists of forced savings, while the second consists of forced transfers

from the young to the old.

Our starting point is the equilibrium conditions of the decentralized economy:

u'(wy — s¢) = % (1 re41) - 5e)
se=(1+n) ki
wy = f(ke) = ke f'(ke)

Tt:f,(kt)

And we introduce some new notation. Let d; be the contribution of the young

generation and b; be the benefit received by the old generation in period t.

A Fully Funded System:

In the “fully funded’ system, the government raises contributions d;, invests them
as capital, and pays by = (1 + r;) - d;—; to the old. This modifies the equilibrium

conditions:

u'(wy — (s +dy)) = ”129“ (L4 7e41) - (8¢ + dy))

$t+dt:(1+n)'kt+1

18



If the savings in the original economy are larger than the requested contributions,
the path of capital accumulation remains unaltered. The only effect of the “fully
funded’ social security system is to force savings. This kind of system only has
an effect on capital accumulation when d; is higher than the s; of the original

economy. In this case, it increases savings and capital accumulation.

A Pay-As-You-Go System:

A “pay-as-you-go” social security system is not funded. Income is directly trans-
fered from the young to the old in the same period. This kind of system is similar
to forced gifts from the young to the old - which appeared in the analysis of
two-sided altruism. With the introduction of a “pay-as-you-go” social security

system, the equilibrium conditions become:

' (wp = s¢ = di) = 5w (L4 7e41) - 50+ (L4 n) - dig)

se=(14n)- ki
This is a system of pure transfers. Capital accumulation is determined only by
private savings s;. Naturally, the forced transfers diminish voluntary savings.
Differentiating the previous relation and assuming d;,, = d;:

Js 1+7r 0s
u’1’~<—adi—1>:Htgl-u;’-<(1+rt+1)-adi+1+n> =S

_%. u” w,u” :<1+7at+1)'(1+n)‘u// -
od, \' 1+6 2 1+6 2
%:_“¥+W'“g<o

Odi w4 B

With n > r, the module is greater than 1, that is, the decrease in private savings
more than offsets the increase in forced transfers. With n < r, the result is the
opposite. But there are also secondary effects. The decrease in savings, and
thus in capital, decreases wages and increases interest rates. The decrease in

wages further decreases savings, while the increase in the interest rates has an

19



ambiguous effect. What, then, is the general equilibrium effect of an increase in

the transfers imposed by the social security system on the capital stock?

Consider the dynamic equation:
(L+n) - keyr = s[wi(ke), rer1 (Regr), di]-

Holding k; constant and differentiating:

. dkiy1 . driy1 . dkty1 st
(L+n) gt =s dhey | ddi T ods

dkt+1 . 8St/adt

= < 0.
ddy 1+n—s,-f"

The numerator is negative, while the assumption of stability renders the sign of
the denominator positive. Therefore, an increase in social security lowers the
savings locus, slowing capital accumulation and reducing the steady state capital

stock.

If, without social security, » < n, the introduction of a pay-as-you-go system can
reduce or eliminate dynamic inefficiency. If r > n, social security benefits the

first old generation at the expense of the following generations.

The Bequest Motive and The Effect of Social Security:

In the “pay-as-you-go” system, social security contributions are negative bequests,
transfers from the young to the old. If (before the introduction of social security)
the market has positive bequests, the old generation increases these bequests
exactly by the amount it receives from social security system. The net transfers
between generations remain, therefore, unaffected. The forced transfers may limit
the consumption of the young generation in the first period. If original savings are
higher than the forced transfers, the social security doesn’t limit consumption(*).
In these conditions, the “pay-as-you-go” system has no impact on the economy.
In this case, the action of the government is completely offset by private sector

responses.
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3 A Model of Perpetual Youth

The previous model, in which life is split in two periods, and in which only two
generations co-exist, is a somewhat gross simplification. It would be more realistic
to consider many periods of life and more generations co-existing in each period.
The problem is that overlapping generations models with many periods tend to

be analytically intractable.

In this section, a continuous-time model of overlapping generations is introduced.
We start by describing the demographics of the model and the structure of mar-
kets. Then we derive individual and aggregate consumption and saving. Finally,

we examine the dynamic adjustment toward the steady state.

3.1 The Structure of the Model

Population:

In any unit of time, an individual faces a probability of dying equal to p, that
is constant throughout life. This assumption is crucial for the tractability of the
model, and is also the origin of the designation: “model of perpetual youth”.

The probability of surviving during a period ¢ is e P4

- AT\"
lim (1 P ) = g PR

n—00 n

So, the probability of dying during a time interval is, of course, 1 — e ?!. The
probability of dying in moment ¢4 is the derivative: p-e %, Which is equal to
the product of two probabilities: of dying in ¢4, equal to p; and of surviving until

tq, equal to e Pld,
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Life expectancy is, then:
E(X):/ t-p-e P dt
0

With integration by parts, using u = —t and dv = —e %

= (0—0)—[p™" e
—(0—pH)=p~!

E(x) =[-t-e™] - /OOO —e Pt =

[e.9]

0

Whatever the age of the individual, life expectancy is always equal to p~! years
(with p = 0, we are back in the Ramsey model). At each instant of time, a
new cohort is born, being large enough so that each individual is negligible. In
these conditions, p may be seen as the rate of decrease of the size of the cohort.
Although each person is uncertain about his or her death, the size of a cohort
evolves deterministically. A usual normalization consists in considering that the
population is constant and equal to 1. In this case, consistency demands that we
assume the size of each cohort to be equal to p, as we confirm below (e‘p(t_s) is

the fraction of the generation born in s that is still alive in ¢ > s):

t
P:/ p-e P79 ds =1

The Availability of Insurance:

In the absence of insurance, given the uncertainty about the time of death, in-
dividuals would leave unintended bequests (negative if they died in debt). Here
we consider an insurance industry with zero profit and free entry, thus paying a
premium p per unit of time: individuals receive (pay) a rate p to pay (receive)
one good contingent on death. In the absence of a bequest motive, and with

negative bequests prohibited, individuals contract to transmit all of their wealth,
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v; to the insurance company contingent on their deaths. In exchange, the insur-
ance company will pay them p - v; per unit time. The insurance company has no
profits. In each unit time, receives p - v; from those who die, and pays premiums
of p - vy to those that remain alive. Notice that the insurance company faces no

uncertainty, because the population is very large.

3.2 Individual and Aggregate Consumption

Individual Consumption:

We denote by c(s,t), y(s,t), v(s,t) and h(s,t) the consumption, labor income,
tangible wealth and human wealth, respectively, at time ¢ of an individual born

at time s. Dealing with a generic generation, we omit the s from the notation.
Individuals face a maximization problem under uncertainty. At time ¢ they max-
imize:

> 0
EU)=F U u(c(z)) - e 070 4z

t
The probability of being alive at z is e ?*~%. And for simplicity we assume

u(c) = log(c), restricting our analysis to an elasticity of substitution between

periods equal to 1. The objective function becomes:

EWU) = /OO log(c(z)) - e~ @HPE=0 gy,

t
The constant probability of death simply increases the individual’s rate of time

preference.

An individual with tangible wealth v(z) receives r(z) - v(z) of interest and p-v(z)

from the insurance company. The dynamic budget constraint is:
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dv(z)
dz

= [r(z) +p-v(z) +y(2) = c(2).

To prevent individuals from going infinitely into debt by protecting themselves
with life insurance, we need a no-Ponzi-game (NPG) condition. An individual

cannot accumulate debt at a rate higher than the effective rate of interest:

lim e~ Ju [P teldu v(z) = 0.

zZ—00

It is convenient to define the discount factor, which (among other uses) allows us

to calculate human wealth as the discounted value of wages:

R(t,2)=e J, () +p)-dp

We integrating the dynamic budget condition by parts using:

uw=Rand du=—(r+p)R-dz
wzvanddw:%-dz

h(t) = [~ R(t, 2) - y(2)dz

/too R(t, z)dz(zz) dz = /too R(t,2)[r(z) + plv(z) + R(t, 2)y(z) — R(t, 2)c(2) - dz =

:>/ R(t,2)c(z)dz =
B dv(z)

~dz+ h(t) =
_— w-du—/toou-dw+h(t) — C[R(t,2) - w(2)° + h(t) =
— _ lim {e J It tpldi v(z)} e SRy () =

= R(t,2)c(2)dz = =0+ €° - v(t) + h(t) = v(t) + h(t).

t

This is the budget constraint of the maximization problem. Compared to the
problem of infinitely lived consumers (model of Ramsey), here the future utility
is more discounted (6 + p instead of ), and the effective rate of interest is greater

(r 4+ p instead of 7).
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Defining the Hamiltonian like in the model of Ramsey:
H =log(c(z)) + q(2) - {[r(2) + p] - v(2) + y(2) — c(2)}.

Necessary conditions for optimization, besides the transversality condition, are:

H,=0
=
{ q(z) = —H, +q(z) - (¢ +p)

q(2) - (=1) =0 = c(2)7" = q(2)
q(2) - [=r(2) =p+ 0 +p] = 4(2) = q(2) - [-r(2) + 0]

=

Y
—
2
X
L
_l’_

Q.
—~
N
~—
|

Individual consumption evolves at a rate that is equal to the difference between
the interest rate and the individual discount rate, growing with age if the rate of

interest is greater than that of discount.

Integrating and replacing the budget constraint we obtain:

() 2 ¢(p) :
g = =0 [T = [T —0)-du =

= log(c(z)) — log(c(t)) = /tZ[T(,u) 0] du = z((?) P N EMETR TN

= c(t) =e” [ r(w)+p—6—pl-du o(z) = R(t,2) - oJs (0+p)du o(z) =
= c(t) - e ) = Rt 2) - ¢(2) = / ct) - e O L dy — g (t) + h(t) =
t

= ot) - / T @) L gy — o (t) + h(t) =
0

-1
0+p

= c(t) = (0 +p) - [v(t) + h(t)].

(67 — %) =v(t) + h(t) =.

= c(t)

Propensity to consume out of wealth is given by (6 + p), which is independent of

the interest rate.
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Aggregate Consumption:

Now we want to find the aggregate variables, C'(t), Y (t), V(t) and H(t). Re-
call that in ¢, the size of generation born in s is p - e P*~%). Thus, aggregate

consumption is:

t
O(t) = / c(s,1) -p-e P . ds.

— 00

Integrating the individual path of consumption (we recall that the propensity to

consume, # + p is independent of age):

(1) = (64 ) [o(t) + (O] = CO) = 0+ p) - [ [o(s,2) + h(s,))ds =
= C() = (0+p) - [H() + V(D).

We start with the study of the dynamic behavior of human wealth, H(t). Recall
that the population is constant and equal to 1, therefore, the aggregate and
average values are equal. Assuming that labor income varies at a constant, non-

increasing rate:

y(s,t) =a-Y(t)-e =9 o >0.

To find a, we use the definition of Y'(¢):

t
vit)= [ ylst) pret) ds =
¥
=Y(t)=a- / Y(£) - et et L gg
1 t
= :/ e (
a-p —o0

0

N :[ 1 .e<a+p>(s>] N

- a+p)(t78) . dS :>

a-p a+p o
1 1

= - = (1=0)=a=2TP
a-p  a+p p

Using this in the definition of h(t, s):
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h(s,t) = /OO a-Y(z) e R(t,2)-dz =

t

= h(s,t) =a-e 9. / Y (2)-e GV R(t,2) - dz
t

So human wealth H () is given by:

H(t) = / h(s,t)-p-e Pt . ds =

The interior integral is a constant in terms of the exterior one, so:

0o t
H(t) = (a+p) - /t Y(2) - e G0 R(t,2) - dz - / e~ (@)=9) | gg =

— 00

00 t
= H(t) = /t Y(2)-e G R(t,2) - dz - /_OO(Oz +p) e @) L gg =
0

/ TY(2) et R(t2) de - [ele] o

t — o0

= H(t)

= H(t) / T (2) ettt o S lde g (1 g) =
= H(t) (2)-e

Y
t

We arrived at an intuitive result. Aggregate human wealth equals the present

— [ latptr(w)dp dz

value of future aggregate wages, discounted at the rate (o +p+ 7).

Differentiating with respect to time and imposing a limit on the growth of H(t):

b(t)
H(t) = /() F(s,t)ds =
a(t

= () = | WAEs, D) o 4O o+ PO Eee

a(t) dt dt dt
WO~ [YE) latpb o) - Fesrmrle. g vy =
= dZ£t> =la+p+rt)- /too Y(z) e Jrletrrrldn g () =
= M o p (o) B - Y ()

A second condition guarantees that H(t) is bounded:
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dzt(t): [r(t) +p+al- H(t) = Y(t)

lim H(z)-e” S latptr(wlde _

Z—00

Finally, we analyze tangible wealth:
t
V(t) = / v(s,t) -p-e P . ds

Differentiating with respect to time:

v (t) :/t dv(s,t)

dt —so dt

poe P i ds —p V(t) +p-o(t,t)

The last term is the initial tangible wealth of the cohort born in ¢, equal to zero.

The variation of v(s,t) with time has already been studied:

d‘;f) N /—too {[T(t) +p] ' U(S’ t) + y(57 t) - C<Sat)} P e P=s) . dg — p- V(t> =
dV(t)
~ Tar

=[r(t)+p- V() +Y(t)=C{t) —p- V() =r(t) V() +Y(t) - C(t)

Individual tangible wealth accumulates at the rate r 4 p if the individual remains
alive. Aggregate wealth accumulates only at the rate r, because of the transfer,
through insurance companies, of p- V' (t) from those who die to those who remain
alive. This difference between the social and private returns on wealth is crucial

to some results that will be derived.

Aggregate Behavior:

The aggregate equations of this economy are:

C=p+0)-(H+V),

d

d;];:r-v—l—Y—C’,

= = "H-Y

o (r+p+a) ,
lim H(z)- e Ji lotprrldn —

An alternative characterization of aggregate consumption will be useful:
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acC
E:(p—l—@)-[(r+p+a)-H—Y—|—7"-V—|—Y—C’]:>

= ) (4 p ) (V) (pra) V-] >
:>Cilf:(7’+p+oz)~C—(p+9)'(p+oz)~V—(p+9)~C’:>

:>62(;:(r+a—0)-C’—(p+0)-(p+a)-V.

3.3 Dynamics and Steady State with Constant Relative

Labor Income

The production function of the economy is assumed concave with constant returns
to scale and depreciations. The value of capital is equal to the total tangible
wealth, K = V. Accordingly, the interest rate equals the marginal product of

capital.

F(K)=F(K,1)-6-K.

We begin by considering constant labor income, that is, « = 0. We will analyze

the effect of o > 0 afterward.

;ﬁ;:w’(m—e}-c—p«pw»f(,
S = F(K)-C,

The following system determines the steady state.

[F'(K*)=0]-C"=p-(p+0)- K,
F(K*) = C* .

The phase diagram (in figure 3.5) shows a saddle path and a unique equilibria
(except the origin).
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The first condition implies that F'(K) > 6. From the concavity of F(-), we have
that the average slope of the production function from 0 to K™ is greater than

the slope at K*:

poeey o FK) _C0 p-(p+0)
P < e = & = P -6

= [F/(K*)—0]- F'(K*) <p-(p+0) =.

= F'(K*)— 0 <p.
We have, then, 0 < F'(K*) < 6 + p.

With finite horizons and a = 0, the interest rate is greater than the individual
discount rate. Since n = 0, the equilibrium is dynamically efficient. Notice that
the shorter the individual’s horizon, the higher the interest rate and the lower

the capital stock.

3.4 Dynamics and Steady State with Declining Relative

Labor Income

With a < 0, the equilibrium may become dynamically inefficient. This happens
because the individuals desire to accumulate more capital to ensure a high quality

of life in later years. The dynamics are given by:

C=[F(K)4+a—-0]-C—(p+a)-(p+0)-K,
V=FK)-C.

The path of % = 0 now approaches F' = 6 — « instead of F' = 6. So, if a > 0,

we may have dynamic inefficiency (see figure 3.6).
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4 Fiscal Policy: Debt and Deficit Finance

Does it matter whether the government finances its spending by lump-sum taxes
or borrowing? In the Ramsey model it doesn’t: consumption and savings are
independent of the timing of taxes. Here we show that deficit finance does have

real effects in the life-cycle model.

In the life-cycle model, taxes levied at different times are levied on different sets
of people. The burden of taxes is on the present generations, while the deficit
is also paid by the taxes of the future generations. Deficit finance thus increases
the income of present generations and decreases that of the future, so economic

behavior is affected by the timing of taxes.

4.1 The Government Budget Constraint

Let B(t) be the government debt. The deficits of the government are bounded

by the dynamic budget constraint and the no-Ponzi game (NPG) condition:

B(t) =r(t) - B(t) + G(t) = T(1) ;

lim B(z) - e S ran —

zZ—00

Notice that the government pays an interest rate of r(¢) for its debt, while the
individual’s return on assets is 7(t) + p. This is crucial for the results that will

be obtained.

Integrating the first condition by parts (and using the NPG condition):

B(z) - e I — (1) B(2) + G(2) = T(2)] - e~ S rwdn

- /00 B(z) - e Jirmwdn g, — /OO [r(2) - B(z) + G(2) = T(2)] - e~ 00 g =
t t
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o0

- [6_ Jorts. B(Z)] +/ B(z)-r(z)- e Jormdn — o
t

t

o0

= el b)) ™ = [Tl66) - T ke g

t

= B(t) = /too[T(z) —G(2)] - e S gy

This is the intertemporal budget constraint of the government. The current value
of debt must be equal to the present discounted value of primary surpluses. Debt
is not necessarily repaid, but its rate of growth is bounded by the interest rate,

so that the present value of the (infinitely) distant future debt is zero.

4.2 Fiscal Policy and Consumption: Partial Equilibrium

The government affects the total demand for goods through direct purchases of
goods and by setting taxes (present and anticipated) that affect private consump-

tion.

With the presence of the government, the equations that characterize the economy
change. Tangible wealth of the individuals (V) must include government debt
(B) besides other assets (K). And to calculate human wealth, we must consider

income after taxes. For simplicity, assume a = 0.
Ct)=(p+0)-[H{)+ V()] ;

V(t) = B(t) + K(1) ;

Consider an intertemporal reallocation of taxes, from ¢ to ¢t + s. Given the inter-

temporal budget restriction, we must have:
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dT(t +5) = —ede 70 q(4) .

That is, the increase in taxes in t + s equals the decrease in ¢ compounded at
the rate of interest. Having no effect on B(t), this reallocation affects aggregate
demand in ¢t through its effect on the human wealth of the present generations.

Differentiating the relation that defines human wealth:
t t+s
dH(t) = —dT(t) - e Ji rApldn _ dT(t + s) - o= Ji T rwpldn
= dH(t) = —dT(t) + e rwydu dT(t) - e~ S p)dn
t+s
= dH(t) = —dT(t)- (1 —ele Py = —qT(t) - (1 — e 77)

The reallocation of taxes from ¢ to ¢t + s (notice that d7'(t) < 0) has a positive
effect on human wealth, raising private consumption. This positive effect arises
from the difference between the discount rates in the budget constraint of the
government (r), and the private rate of return on assets (r + p). This, in turn,
reflects the fact that taxes are shifted to the future and the probability of the
individuals not being around when its time to pay them. With p = 0 (Ramsey
model), the effect is null - if individuals have lives of infinite length, they surely

end up paying the future taxes.

The Ricardian equivalence is the proposition that deficit finance is no different
from taxation because the individuals take into account the future taxes they
will have to pay. In this model, with positive p, this proposition fails. However,
if present generations care about their descendants, leaving them bequests, Ri-
cardian Equivalence holds again. In case of a transference from taxes to deficit
finance, the individuals make a corresponding increase in their savings, leaving

an increased bequest that allows their children to pay the future tax increase.

Other reason for the failure of Ricardian equivalence is the relaxation of liquidity

constraints that is associated with a reallocation of taxes from the present to
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the future. In reality, some people are childless, while other have many children
and may care more or less about them. This complexity turns the issue into an
essentially empirical one, of determining how important are the departures from

Ricardian equivalence.

4.3 Fiscal Policy and Interest Rates: Steady State

With fiscal policy, the dynamic equations of the economy become:
C=(—-0)-C—p-(p+0)-(B+K);
K=FK)-C-G;

B=r-B+G-T;

r=F(K).

Given the technical difficulty of solving this system, we first discuss the properties
of the steady state and then consider the output as exogenous to examine the

effects of fiscal policy on interest rates.

In steady state, we have:
F/(K*) = 6] -C" = p-(p+0) - (B + K*)
FK")=C"+G";

F'(K*)-B*=T"—G* .

Assuming that individuals hold positive tangible assets B*+ K* (government debt
is not too negative), the first condition determines that F'(K*) — 6 > 0. This

assumption, equivalent to r* > 6, excludes the possibility of dynamic inefficiency.
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The steady state level of government debt affects on the steady state capital stock

(consider that taxes are variable while G is exogenously given):

() S ey — 6 ey - o) ey R
) (140 =
dK* 9 , /
= e AP F =G+ P [F =0 —p-(p+0)} =p-(p+0) =
_, K p-(p+90)

dB*  FTF-Gl+F-[F—0—p-(pt0)

dK* p-(p+0)

T AR T PG (= 0) —p- (p+0)

With constant wealth, we have:
K+B=F(K)-C—-G+r-B+G-T=0=

=Y -C+r-B-T=0=

=C"=r"-(B+K)+Y -T=

=" =0)-C"=0r"=0)-r- (B+K)+Y -T|=p-(p+0)- (B+K)=

:>(r*—9)-(r*+;:;[T(> =p-(p+6)=>

Y -T
B+ K

=71 (r'—=0)—p-(p+0)=("-0)-

Using this in the previous result we obtain:

dK* p-(p+9)
dB*  F"-C*+(r*—0) 3%

" BYrK*

With Y > T, a greater level of debt decreases the steady state stock of capital.
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4.4 Fiscal Policy and Interest Rates: Dynamics

Now we assume constant output and no capital. The interest rate is not linked to
capital accumulation. Actually it is such that aggregate demand equals exogenous

supply. The economy is described by:
C=(r—0)-C—p-(p+0)-B;
Y=C+G;

B=r-B+G-T.

With constant exogenous Y, if we consider constant GG, then C = 0. Recall that in

equilibrium the interest rate is such that makes consumption constant. Solving:
O=(r—-0)-C—p-(p+0)-B=

B
:>T—9:p~(p—|—9)~6:>

B
Y -G

=r=0+p-(p+90)-

In this simple exchange economy, the interest rate increases with debt and gov-

ernment spending, and decreases with output.

Consider the sequence of deficits implied by:

. d
B=r-B+G-T(B,z) , TB>7’+B~£, T, > 0.

Taxes are assumed to be an increasing function of the debt and a parameter x.
We consider a decrease in z, that is, a decrease in taxes. This increases the deficit
and, thus, the debt. Taxes then rise and a balanced budget is again achieved.

Notice that the rise in taxes is sufficient to offset the debt increase:
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dB dr
] =r+B- ¥z — Tg < 0 = Stability.

Now we introduce a long-term interest rate - the yield on perpetuities paying a

constant coupon flow of unity. Let R be their yield, and thus 1/R be their price:

1 1
P=141-1-R+1-1-R?*+.=—— = —.
FLA-R -0 =R) F =g =y = ¢
The instantaneous rate of return is:
14+d(1/R)/dt dR/dt R
=R+R-(-1)- =R— —.
1/R + (=1) R2 R

The return on perpetuities is the sum of the yield and the expected rate of capital

gain. By arbitrage, the returns on long term and short term bonds are equal:

=R-—r.

’;U\:U-

R—Z:r

We arrive at a dynamical system in R and B:

R——==0+p-(p+90)-

Y G

R
R
( >B+G T(B.x)

The condition on T ensures that as B increases, the increase in taxes more than
compensates for the increase in the interest burden. So B converges to B*. The
condition that makes R constant is a straight line in the graph of {B, R}:

p-(p+0)

R=0=R= v O

-B+0.

Figure 3.7 shows the phase diagram of the system. A decrease in x (taxes) shifts
the vertical line of B = 0 to the right, increasing the steady state interest rates
and decreasing the steady state capital stock (figure 3.8 presents this dynamic
effect).
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5 Aggregate Saving and the Interest Rate

Whether an increase in the rate of return on saving would increase saving, and
consequently investment and the capital stock, is the subject of much controversy.
Some argue that the elasticity of aggregate saving with respect to the interest is
zero, while others defend that its value is very high, perhaps infinite. In this
section we examine the issue of the elasticity of saving with respect to its rate of

return.

A change in the rate of return on savings leads, in general, to a change in the
rate of saving, and to a change in the stock of wealth. For long-run analysis,
the interesting question is about the stock of wealth. In a stationary economy,
net saving is zero. So, when comparing steady-states we find no difference in the
rates of saving. But the levels of wealth and, consequently, of capital and welfare

may differ.

Figure 3.9 plots the tangible wealth of an individual through life. By assumption,
she starts and ends its life with no wealth so that her lifelong net saving is zero. In
steady state, the figure may be seen as a cross section of the wealth of the different
generations, with area A representing aggregate wealth. Notice that this area may
be affected by the interest rate, but aggregate saving remains necessarily equal
to zero in equilibrium. With finite horizons, a necessary condition for aggregate
saving to be positive is either population or productivity growth. In the first case
average wealth is constant, but aggregate wealth grows at the rate of population

growth. In the second case, the area A may grow according to some scale effect.

5.1 The Two-Period Model

We start by analyzing the elasticity of saving with respect to the interest rate

in the context of the two-period-life, no bequest, overlapping generations model
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developed in section 1. In this model, supply of capital is given by the savings of

the young:

s¢ = s(wy, re41)-

We saw that the sign of s, depends on the relative importance of the wealth
and substitution effects. These two effects are represented in figure 3.10. An
increase in the interest rate shifts the budget restriction from AB to AB’, and the
equilibrium from E to E’. The total effect is decomposed into a substitution effect
(along the indifference curve - E to E”) and an income effect (from E” to E’). In

this case, the income effect dominates, so saving decreases with the interest rate.

With a CRRA utility function, we have:

cg,—1 1 Gy —1
_ S¢ LGt
mar Uy = 3 + 1+0)  1-o
Cit + S = wy
s.t.

Corp1 = (L4 17441) - 5¢
Considering s; as the only decision variable:

maz Uy = 527 4 s - i)

= G =0 = 5o (w—s) (S + gy o (L rea) s

(1 +7e41) = 0.

Simplifying the first order condition, we obtain:

1
(W, —5)77" = 1+6 (L4 70) - )] (L4 7e0) =

_ o—1 1 o
N (wt St) . ( + Tt+1> .
St 1+ 0

Saving increases, remains constant, or decreases depending on whether the elas-
ticity of substitution 1/0 is greater, equal or less than unity. In the logarithmic

utility case, the effect is null.
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5.2 The Model of Perpetual Youth

Now we turn to the model of perpetual growth studied in section 3 to examine the
effect of the interest rate on saving. We assume logarithmic utility and constant

labor income (a = 0).

For simplicity, let the interest rate and the labor income be exogenous. This can

be viewed as a partial equilibrium analysis or as a model of a small open economy.

Aggregate consumption is a linear function of wealth. Human wealth is the
present discounted value of labor income (which equals s with constant r and

w). Wealth accumulation is equal to aggregate saving.

The equations of motion are:

C=(p+0): <K+Tfp> :

K:S:T-K—C+w

In this setting, what are the dynamic effects of a permanent increase in interest
rates? First we consider 6 < r < 6 + p. Figure 3.11 shows the stable dynamic
system. The assumption r < 6 + p implies that the consumption line is more
sloped than the line of wealth accumulation. The effects of an increase in r are
described in figure 3.12. The consumption line shifts down, due to the wealth
effect caused by the increase in the discount rate. And the line of constant wealth,

which has a slope equal to r, rotates upward.

The two effects are in opposite directions, but, nevertheless, the new steady state
level of wealth is unambiguously higher. Solving for K*, we see that it is positive

with our condition 6 < r < 0 + p:
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r+p
g —r
= ((r—-p—0)-K= w =
(r—p—19) T p
—0
= K" = r ~w > 0.

(r+p)p+0-r)

Differentiating:

AK*_ (r+p)p+0—1)+[(r+p)— (p+0—r)l(r—0)

dr (r+p?2p+0—r)?

dK*  (r+p)p+60—7r)+2r—0)(r—0)

= =

dr (r+p2p+0-r)

cw =

dK*  rp4+p? +10 +ph — 1% — pr + 2r2 — 2rf — Or + 62

= =

dr (r+p2p+60—r)?

dK*  p*+pl+r*—2r0 + 62
= —= .
dr (r+p32p+0—r)?

w =

dK*  (r—0)*+p(p+0)
R Gy e

An increase in the interest rate increases income because of higher interest pay-
ments. Meanwhile, consumption decreases because of the decrease in human
wealth. Both effects lead to increased saving. With the accumulation of wealth,

consumption increases faster than income. In the new steady state, wealth is

higher and saving is again zero.

Remember that in the two-period model, human wealth was unaffected by the

interest rate, because all income was received in the first period. Now an increase

in interest rates negatively affects human wealth.
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With low elasticity of substitution, short run effects are quite different from those
prevailing in the long run. The dynamic effects of the interest rate on savings may
be slow: consumption may increase initially, but the higher interest rate implies
a higher rate of wealth accumulation. This effect eventually dominates the first,
leading to a positive long-run response of aggregate saving and wealth. Notice
that there is some similarity between the short run effects and the predictions of

the 2-period model.

In this model, the effect of the interest rate in steady state wealth can be quite
substantial. With p = 6 = 4%, an increase in r from 5% to 6% increases steady

state wealth by a factor of 2.7.

Figure 3.13 shows what happens when r > 6 + p (in section 3 we showed that
in a closed economy r < @ + p). There is an unstable equilibrium with negative

wealth. Starting with zero wealth, accumulation is unending.

5.3 The Infinite Horizon Model

Now we examine the case of infinite horizons, that is, the case in which individuals
care about their heirs enough to leave bequests. From the first order condition
of the Ramsey problem, we see that C has the same sign as r — 6. With r > 6,
individuals accumulate endlessly; with r = 6, individuals do not accumulate at
all; and with » < @, individuals consume their wealth. Thus, the elasticity of

steady state wealth with respect to the interest rate is infinite.

The previous reasoning is valid for an exogenous interest rate. In a complete
model, capital accumulation would have the effect of decreasing the interest rate,

that would converge again to 6.

42



Consider the steady state condition of the Ramsey model, which is a modified

golden rule:
f'(k*)=0+n.
If a subsidy is given to capital, it becomes:

(1+¢€)- f(k)=0+n.

The effect of the subsidy on capital accumulation can be derived:
dET

g VT e T T 0T ey

R

F'R) + (1 +€) - f1(k)

For a constant returns to scale production function that allows us to write output

as f(k), elasticity of substitution is:

) w
POy F)

g =

Substituting, we obtain:

dk*/de . f’(k*) - f/(k?*) Cw ' .

f(E)
(1+¢€) w

dk*/de _ o- f(k¥)

k* (1+€) - w

A subsidy to capital stimulates saving, which then reduces the interest rate. It is
the production function that determines the steady state effects. The effectiveness
of subsidies in raising capital accumulation is greater for greater elasticities of

substitution and for smaller shares of wages in output.

If the production function is Cobb-Douglas with a labor’s share of 75% and ¢ is

increased from 0 to 25%, the steaty state capital stock increases by 33%.
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The use of these three models suggests a positive elasticity of saving with respect
to the interest rate. But empirical research has not discovered these saving and
wealth elasticities. Our experiments considered permanent increases in the inter-
est rate, while in reality, interest movements are mostly temporary (and seen as
temporary). So the wealth effect is pretty small. Movements do not last, so we
observe only short-run responses, which are highly dependent on the elasticity of

substitution of consumption.
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6 Exercises

Problem 6.1 In the simplest two-period life-cycle model, assume that the util-
ity function is nonseparable, and derive explicitly the expressions for s, and s,.

Ezplain under what circumstances
(a) 0 < s, <1.

(b) s, > 0.

Solution 6.1 This is a problem of comparative statics. We seek to estimate the

impact on equilibrium savings of small changes in wages and in the interest rate.

The problem of the economic agents is the following:

Cit + S = Wy

max  u(cy, Copy1) , subject to
C1t,C2t41 —
Cor1 = (L +1iq1) - 50

Since s; determines consumption in both periods, the problem can be formulated
m a more convenient way:
max u(w; — S, (L+741) - 5¢) , with 0 < sp < wy.

St

Assume for now that an optimal consumption exists and is positive in both periods.

This makes the first order condition on s; necessary and sufficient:

U,l(wt — S, (1 + Tt+1) . St) . (—1) ‘I— UQ(wt — S¢, (1 + Tt-l—l) . St) . (1 + Tt+1) = 0 =

= U1<wt — S¢, (1 + T’t+1) . St) = UQ(wt — Sy, (1 —+ Tt+1) . St) . (1 -+ Tt+1)-

To derive s,,, differentiate this expression with respect to w:
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Uty - (1 —sy) +urp - (14 7441) - 50 =

= (14 re41) - [uor - (1 — 8w) + gz - (14 7441) - Sw).
With some manipulation, s,, can be made explicit:
Sw + [=urn +urg - (L +7e1)] +un =

= 8w (1 +741) - [~uor + g - (T4 70)] + (14 741) - uz =
= Sw [—Un + (w12 +uzn) - (14 741) —uge - (1 + Tt+1)2} =

= —up + (1 +req) - un =

—uyy + (1 +7r41) - uo;
—upy + (w2 + u21) - (14 7rp1) — uge - (L + 1)

= 8, =
Imposing the second order condition:

uyy —wiz - (L4 7r1) + (L4 7e01) - Juor - (—1) Fuge - (1 4+1441)] <0 =

= upy — (g2 +uz) - (14 7re1) +uge - (1+741)* <0,

With decreasing marginal utility, the numerator in the expression of s, s positive.
Assuming that the second order condition is satisfied, the denominator is also

positive. In these conditions, 0 < s, < 1 is satisfied because, obviously:

U19 — U9 - (1 + Tt+1> > 0.

We found that the effect of wages on savings is always positive, but the effect of
the interest rate on savings is more complex. On one hand, there is an income
effect that increases consumption in both periods. But on the other hand, second
period consumption becomes cheaper relatively to consumption in the first period,

so there is a substitution effect that decreases consumption in the first period and
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increases it in the second period. The income effect diminishes saving while the

substitution effect increases saving.
To deriwe s,., differentiate the optimality condition with respect to r:
ury - (=8p) + g - [s¢+ (1 +7e41) - 5, =
=g + (1 + rega) - {uar - (=85) +uag - [0 + (1 +71441) - 5}
Manipulating, we make s, explicit:
Spe [—unn +ure - (L4 rp)] +ure - ¢ =

= Sp - [—(1 -+ T’t+1) * U921 + U9 - (1 + 7}4_1)2} + U9 + U99 * (1 + Tt.|_1) - St =

Ug — Ug » Sp + Uz - (1 4+ 7441) + 8¢
—uyy + (U2 + uor) - (T +7401) — ugo - (14 7441)2

= S, =

From the second order condition, the denominator is positive. Therefore, s, > 0

18 true if:

U > [urg — ugg - (L4+741)] - 5.

That s, if the substitution effect (second period consumption becomes cheaper
relatively to first period consumption) more than offsets the income effect of the

increase in the interest rate.

Problem 6.2 Consider an overlapping generation economy in which each indi-

vidual lives for two periods.

Population is constant. The individuals’ endowments in each period are exoge-

nous. The first-period endowment of an individual born at time t is equal to ey,
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and the second period endowment of the same individual to e;-(1+g), where g can
be negative. Fach individual saves by investing in a constant returns technology,

where each unit invested yields 1 + r units of output in the following period.

An individual born at time t mazimizes:

1
1+d log(cat1), d>0.

U =
(cat, Cot41) og(cit) + 1T

Finally, the first period endowments grow at rate m:
€t — (1 -+ m) cCp—1-

(a) How does an increase in the growth rate of income expected by one indi-

vidual, g, affect his saving rate?
(b) How does an increase in m affect aggregate saving?

(c) Assuming g = m (or g = m — x, for a given x), how does an increase in

m affect aggregate saving?

(d) In light of these results, assess the theoretical validity of the claim that high

growth is responsible for the high Japanese saving rate.

(e) “The reason why the saving rate has gone down in the United States in the
1980s despite the supply side incentives is that growth prospects are much more

favorable than in the 1970s.” Comment.

Solution 6.2 Start by reformulating the problem of the individual, considering

that the decision is only on s;:

1
max log(e; — s;) + T d logles - (14 g)+ (1 +7141) - 8¢) , st 0<s<ey.

From the first order condition we obtain:

1,1 14 reey
ey — St 1+d Gt’(1+g)+(1+Tt+1)'St

=0=
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= (14+rgq1)-(es—s) =1 4+d)-[er- (14 9g)+ (14 re41) - St

(a) Differentiating the optimality condition with respect to g, we can derive sy:

(Lt 7e41) - (=8g) = (L +d) - e + (1 +7011) - 5] =

= (14+7r41) - (—2—d)-s,=(1+d) e, =

(1+d)-e

At r)-@rd)

= Sg = —

The impact on the saving rate of an increase in second period income is unambigu-
ously negative. The increase in total income leads the agent to raise consumption

(decrease saving) in the first period.

(b) In the 2-period economy, aggregate saving is simply the saving of the genera-
tion born in t. It is obvious that if e; is given, variations of m have no effect on
the behavior of the individuals born in t. What we suppose is that e;_1 is given,
so an increase in m leads to an increase in e; and consequently affects saving. To
find this last effect we express the optimality condition in terms of e;_1 and then

differentiate it with respect to m:
(L4 7)) - [(L+m) - e1 — 5] =
=1+d)-[(14+4m)-e1-(1+g)+ (1+ra1)- s
Differentiating:
= (L+ra) - (e —sm) = (L4 d) - [eer - (L4 9) + (L4 7141) - sm] =

S 24 d)- (L) 5w = [(L4d) - (L4 g) — (L4 )] - ey =

L ()= (1+d)-(1+g)
" D) (T )

cCt_1.

49



With given e;, the impact is obviously null. If the raise in m induces an increase
in e, the impact on the saving rate is ambiguous. It is positive for high interest

rates, low discounts on second period utility and low income growth.

(c) Considering e; as given, we have the same problem as in a). Again, what is
interesting is to consider e,y given. We want to examine the effect on saving of
an increase in first period income together with an even greater increase in second

period income. The optimality condition comes slightly modified:

1+d
(I4+m)-epo1—8p=———-[(1+m)-e1-(L+m—a)+ (1 +7r41) - 54
T+7rig
Differentiating:
1+d
er1—S$Sm=——-le;1-(I+m—ax+1+m)+ (1 +7r41) sm =
L+7r

(I+7r)—(1+d)-(24+2m —x)

o 2+d) - (1+rm)

€.

The effect is negative unless the interest rate is very high.

(d) The results that we have obtained contradict this hypothesis. In the 2-period
overlapping generations model, with everything else constant, high (income) growth

leads to a decrease in savings.

(e) The 2-period overlapping generations model supports the hypothesis that more
favorable growth prospects induce lower savings. We showed how an expected in-
crease of future incomes diminishes the marginal utility of savings, and, therefore,

diminishes savings.
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Problem 6.3 a) Suppose that an individual receives wages wy and we in the two
periods of life and has a constant relative risk aversion utility function. Ezamine
the effects of a change in the interest rate on saving, and contrast the results with

those for wy = 0.

b) Suppose that wy = wy. Can the steady state in this model be dynamically
wefficient? Why?

Solution 6.3 The problem of the individual is the following:

c1+s=w
1-R 1-R
max —2 + L - , subject to
ci,ee 1 — R 1+4d 1—R 02:w2+(1+r)s

For convenience, we formulate an equivalent problem with s as the only decision
variable:
(wy — s) R 1 (we+(147r) )"

max +

o 1—R 1+d 1-R

,with 0<s<w .

The first order condition is:

—(wl—s)R+1Jlrd'(w2+(1+7“)'5)R'(1+7“):0:>
= (w; —s) = 11;-[@02—%8-(1—#7")]_1%.

Observe that it is equivalent to:

ﬂ_ 1—|—d 1/R
Cg_ 1+7r '

Differentiating the first expression with respect to the interest rate:
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1
R‘(wl—S)_R_l-sT— +r

g R lets 0l
1

+—

g et

s,

(I4+7r)+95)+
=

= s R {(wl —s) 4 (11173 clwa+s- (14 r)]_R_l}

_ ity , R, L . r
=14 (—R) - [wa+s- (14+71)] R [wo +s-(1+7)] %=
_

1+d-m@+341+0Tﬂ‘[ R-s-(1+7r)+ws+s-(1+7)]
1

g s )l

Ls-

[wa+s- (147" [s- (1+7)- (1= R) 4w
(14d)-R-(wy —s) 814+ R-(1+47)

(1+7)- (1= R)+ ws
= 5 =

s+ s (L) BL
oL s ) (=R 4w, 1 s (l47)- ( —R) +ws
" R (1—|—d) (2 )R1+(1+T) R (1—|—d) ( ) +(1—|—7*)
:>sr:l. S'<11 r)- (1_5)‘1‘7«02
R (1+d)w-(1+7)F +

+(14+7)2

The sign of s, is the same as the sign of R. With risk aversion (R > 0), an
increase in the interest rate has a positive effect on savings

With we = 0 we have

S'(1+T)_<1+T)11%:>
wi—s  \14+d

s (147) = (1—1—7“)113

<1+r>11% N
wy — .3
1+d 144
= 1+ +<1+T)}% <1+T)}% =
s r4 = W
1+d 1+d !
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1
1 R
(112) Wy
= 5= .

Lrr (i5)"

Substituting in the expression of s,.:

1 wy - (1 — R)
R (1+d)ym-(1+r)s+147

= s,

The denominator is smaller, and the numerator should be greater than with wy >
0, as long as w (when wy = 0) is greater than the s - (1 + 1) of the case where

wy > 0. So, the effect remains positive but is amplified.

Notice that with equal income: w-(147r) = wy-(147r)+w,, the shift from income in
period one to income in period 2 diminishes savings so that consumption remains
equal. There is, of course, no income effect and also no substitution effect, because

relative prices remain unchanged.

Now we consider wy = wy and investigate whether the steady state can be dynam-

1cally inefficient in a model of constant population.

With constant population and without discount on second period income, dynamic
inefficiency would correspond to negative interest rates. This is impossible, as we

assume always positive marginal productivity of capital.

In steady state we have:

ﬁ_ 1+d 1/R
CQ_ 1+7r '

Consumption is equalin both periods if savings are null. With positive savings,

consumption in second period is greater.

14+d
62201:>1

<l=d<r.
+r
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The interest rate is higher than the individual discount, so the steady state cannot

be dynamically inefficient.

Problem 6.4 Assume a Cobb-Douglas production function, with share of labor
a, and the simplest two-period-life overlapping generations model. The population
grows at rate n. Individuals supply inelastically one unit of labor in the first period

of their lives and have logarithmic utility over consumption:

1
U =log(cy) + 150 log(capy)-

a) Solve for the steady state capital stock.

b) Show how the introduction of pay-as-you-go social security, in which the
government collects the amount d from each young person and and gives (14+n)-d

to each old person, affects the steady state capital stock.

Solution 6.4 a) Start by solving the problem of the individual, considering that

the decision is only on s;:

1

T log(sy - (L4+1y1)) , subject to 0 < s <wy .

max log(w; — s¢) +
t

From the first order condition, we derive a saving function that is independent of
the interest rate:

—]_ + ]_ 1+Tt+1
Wy — S¢ ].+(9 St'(1+rt+1)

Wy

240

wp—s=(14+6) -8, = s =

This means that a variation of the interest rate induces an income effect and
a substitution effect that exactly cancel each other. Therefore, saving and first

period consumption are independent of the interest rate.
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The capital stock at t + 1 is equal to the savings made at t. In per capita terms,

we have:
St Wy

kppr = = .
T 140 2460)-(1+n)

And profit mazimization implies equality between wages and marginal productivity

of labor:

a- ki

246)-(14+n)

kt+1 = (

In steady state, ki1 = ky:

o- k¢
(24+60)-(14+n)

=1=

(246)-(1+n)

=k =

- <<2+e>(-x<1+n>>a'

b) With the introduction of a “pay-as-you-go” social security system, the problem

of the individual becomes:

1

m . log(st . (1 + Tt+1) + (1 + n) . d),

max log(wy — sy — d) +

subject to:

0<s, <wy—d.

The corresponding first order condition is:
-1 1 14741

+ : =
wt—st—d 1"‘9 St'(1+rt+1)+<1+n)'d

= (1+ry) (wp—s,—d)=(140)[s;- (1+r1)+ (1+n)-d =
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= (1 4r) (W= 240)-si—d)=1+0)-(1+n)-d=

=24+0)-1+ry1) - se=w-1+r)—d-[L4+rg+(140)-(14+n)] =

Wt _1+Tt+1+(1+9>(1+n)

= -d.
2460 (T+741)-(246)

= S

The introduction of this social security system diminishes savings. On the other
hand, the contributions for the social security raise the capital stock. So, the
mmpact on the capital stock depends on whether the parameter that multiplies d is

smaller or greater than 1. For capital stock to increase it is necessary that:

L4+ (1+6)-(1+n)
A+r)-(2+6)

<l=

=147+ 1+60)-1+n)<Q+77)-(2+60)=

=14+ +1+04+n+n-0<242-7"4+04+0-7" =

=r"4+n+n-0<2-7"+0.- 7" =>

=n-(1+0)<r-1+60)=n<r".

We conclude that if the steady state interest rate of the economy with social secu-
rity is greater than the growth rate of the population (dynamic efficiency), which
may be seen as the interest rate on social security forced savings, then the effect

of social security on the capital stock is positive.

o6



References

1. O.J. Blanchard, S. Fischer (1989), Lectures in Macroeconomics, Cam-
bridge: MIT Press, 1989.

2. Allais, M. (1947), Economie et interet, Paris: Imprimerie Nationale, 1947.

3. Diamond, P. (1965), National Debt in a Neoclassical Growth Model, Ame-
rican Economic Review, 55 (Dec. 1965), pp 1126-50.

4. Kimball, M.S. (1987), Making Sense of Two-Sided Altruism, Journal of
Monetary Economics, 20 (Sept. 1987), pp 301-26.

5. Samuelson, P. (1958), An Ezact Consumption-Loan Model of Interest with
or without the Social Contrivance of Money, Journal of Political Economy,

66 (Dec. 1958), pp 467-82.

6. Summers, L.H. (1981), Capital Tazation and Accumulation in a Life-Cycle
Growth Model, American Economic Review, 71 (Sept. 1981), pp 533-544.

o7



