
Doutoramento em Economia Economia Matemática (2017-18)

PROBLEM SET – DYNAMIC PROGRAMMING

1. Consider the following optimal growth problem:

max
{xt+1}∞t=0

∞∑
t=0

βtU [f(xt)− xt+1]

s.t. 0 ≤ xt+1 ≤ f(xt), ∀t, and given x0 ≥ 0,

where U(c) = ln(c), f(x) = xα, α ∈ (0, 1) and β ∈ (0, 1).

(a) Write the associated functional equation.

(b) What is the standard economic interpretation of setting f(x) = x?

(c) Starting with an initial guess v0(x) = 0, apply the method of successive approxi-

mations to write the first two approximations, v1 and v2.

(d) Starting with an initial guess v0(x) = ln(x), apply the method of successive

approximations to write the first approximation, v1.

(e) Starting with an initial guess v0(x) = (1+β)ln(x)−(1+β)ln(2), apply the method

of successive approximations to write the first approximation, v1.

(f) Show that the solution of the functional equation is of the form: v(x) = A+B ln(x),

where A and B are constants. Find the values of A and B.

(g) Show that the solution of the functional equation is the solution of the optimal

growth problem.



2. Consider the following dynamic programming problem:

max
{xt+1}∞t=0

∞∑
t=0

βt
(xt − xt+1)

1−σ

1− σ

subject to 0 ≤ xt+1 ≤ xt, ∀t,

where β ∈ (0, 1), σ ∈ (0, 1) and x0 > 0 is given.

(a) Write the associated functional equation.

(b) Starting with an initial guess v0(x) = 0, apply the method of successive approxi-

mations to write the first two approximations, v1 and v2.

(c) Let σ = 1
2
. Show that the solution of the functional equation is: v(x) = 2√

1−β2
x

1
2 .

(d) Find the optimal policy that corresponds to the value function v(x) = 2√
1−β2

x
1
2 .

(e) Show that the solution of the functional equation is of the form: v(x) = Ax1−σ,

where A is a constant. Find the value of A.

(f) Show that the solution of the functional equation is the solution of the optimal

growth problem.

3. Consider the following optimal growth problem:

max
{xt+1}∞t=0

∞∑
t=0

βtU (ct)

subject to ct + it = y(xt) and xt+1 = (1− δ)xt + it, ∀t,

where ct ≥ 0, xt ≥ 0, and x0 > 0 is given.

(a) Show that there exists a function f(·) such that the problem above can be written,



equivalently, as:

max
{xt+1}∞t=0

∞∑
t=0

βtU [f(xt)− xt+1] (1)

s.t. 0 ≤ xt+1 ≤ f(xt), ∀t, and given x0 ≥ 0.

(b) Write the function f(·) for the case in which x is the size of a cake, assuming that

only 90% of a given period’s cake remains eatable in the next period.

(c) Do the same if the size of the cake doubles after each period.

(d) Do the same if the cake is only eatable in the first period.

4. Consider the problem described by (2) and suppose that f(xt) = 2xt and U(z) = ln(z).

(a) Define the operator T that recursively determines the sequence of approximations.

(b) Show that if v0 is feasible and v0 ≤ v, then Tv0 ≤ v.

(c) Show that T nv0 ≤ v, for all n ∈ IN.

(d) Starting from an initial guess that the value function is v0(xt) = 0, write the next

two approximations.

(e) Let β = 1
2
. Show that v(xt) = 2ln(xt) is a fixed-point of the operator that

determines the sequence of approximations.

(f) Write the optimal policy function, g(xt), for the case in which β = 1
2

and v(xt) =

2ln(xt). What is the economic meaning of this result?

(g) Do the functions v(xt) = 2ln(xt) and g(xt) obtained in d) correspond to the

solution to the optimal growth problem?



5. Consider again the problem described by (2), but now suppose that f(xt) = xt and

U(z) = z2. What is the optimal policy and the associated value function?

6. Consider the following optimal growth problem:

max
{xt+1}∞t=0

∞∑
t=0

βtU [f(xt)− xt+1]

s.t. 0 ≤ xt+1 ≤ f(xt), ∀t, and given x0 ≥ 0,

where β ∈ (0, 1).

(a) Write the associated functional equation.

(b) Show that Blackwell’s sufficient conditions for a contraction are satisfied.

(c) Give sufficient conditions for the value function to be strictly concave.

(c) Give sufficient conditions for the value function to be continuously differentiable.

(d) Give sufficient conditions for the optimal policy correspondence to be single-valued.

7. Give an example of an economic environment where dynamic programming is useful.

8. What is a value function?

9. What is a policy function?

10. Explain, without mathematical notation, the method of successive approximations.



11. What is a fixed point theorem?

12. What is a contraction with modulus β?

13. Why is the Contraction Mapping Theorem useful for dynamic programming?

14. Why is the Maximum Theorem of Berge useful for dynamic programming?

15. Explain the meaning of Bellman’s Principle of Optimality.


